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The derivation of effective meson Lagrangians in higher orders of the chiral expansion from
bosonization of the four-quark interaction of the extended Nambu-—Jona-Lasinio (NJL) model,
treated as a local approximation of low-energy QCD, is reviewed. The calculated heat-

kernel coefficients for the quark determinant of the bosonized NJL model through seventh order
are presented in a systematic way. The results are used to fix the structure coefficients of

the effective chiral Lagrangians in orders p* and p® of the momentum expansion. Various aspects
of the use of bosonized Lagrangians to describe low-energy meson processes are discussed:

the reduction of vector, axial-vector, and scalar resonances, regularization of graphs with meson
loops, and the dependence of the phenomenological structure coefficients on the
renormalization scheme and regularization parameters. Questions related to the physical
justification of the NJL model as a low-energy limit of QCD are also discussed. Nonlocal
corrections to the structure coefficients of bosonized Lagrangians are studied in this

context. © 1998 American Institute of Physics. [S1063-7796(98)00201-0]

INTRODUCTION

The increased popularity in recent years of chiral
Lagrangians and the calculation of meson amplitudes in
higher orders of the momentum expansion is a consequence
of the significant progress which has been made in the de-
velopment of effective approaches to describing hadronic
processes at low and intermediate energies, taking into ac-
count the dynamics of quarks and gluons at large distances.
Obtaining a realistic theory of mesons and baryons as the
low-energy limit of QCD is one of the fundamental problems
of elementary-particle physics. Effective approaches are nec-
essary because perturbative QCD becomes inapplicable at
large distances, and broken chiral symmetry remains the ba-
sic dynamical principle governing strong interactions at low
energies.

So far, no one has succeeded in deriving a chiral dynam-
ics of hadrons from QCD in a rigorous mathematical sense.
Nevertheless, the application of functional methods to ap-
proximate forms of QCD (see Refs. 1-13 and references
therein) and QCD-motivated quark models (Refs. 14—24)
arising as various extensions of the well known Nambu—
Jona-Lasinio (NLJ) model® has led to considerable progress
in our understanding of the relation between the broken chi-
ral symmetry of strong hadronic interactions and the dynam-
ics of quarks and gluons at large distances. In spite of its well
known defects (nonrenormalizability and the absence of con-
finement), the NLJ model leads to a description in terms of
nonperturbative QCD (the current and constituent quark
masses, the quark condensate, the number of quark colors) of
those properties of mesons and baryons which are deter-
mined by chiral symmetry and its breaking.?*~3! The
bosonization of the NJL model also allows the derivation of
meson Lagrangians with higher derivatives from the effec-
tive four-quark interaction®?->® and thereby the fixing of the
theoretically associated structure constants, which are treated
as phenomenological parameters in the standard chiral per-
turbation theory.*

Despite the fact that the NJL model leads to a correct
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description of the low-energy phenomenology of mesons and
baryons, it should be remembered that it is incomplete, pri-
marily owing to the absence of quark confinement in it. The
problem of nonrenormalizability is solved in the modern
NIJL model by introducing an appropriate ultraviolet cutoff.
This procedure seems physically reasonable, because a pri-
ori it can be expected that the exclusion of large momentum
transfers should not strongly affect the low-energy properties
of quark bound states, owing to the rapid falloff of the gluon
propagator in the region of asymptotic freedom. As a local
low-energy approximation, the NJL model corresponds
physically to the assumption that the properties of low-lying
quark bound states (hadrons) are mainly determined by the
range of momentum transfers lying between the regions of
asymptotic freedom and quark confinement, where the mo-
mentum transfer is much smaller than the effective mass of
the nonperturbative gluon. However, such dominance of the
intermediate region is not completely obvious, owing to the
pole behavior of the nonperturbative gluon propagator near
zero momentum transfer. Therefore, at first glance the exclu-
sion of the confinement region in the NJL model is not as
natural a physical approximation as the introduction of an
ultraviolet cutoff. This question requires special study, which
has been done, in particular, in Ref. 23.

In this review we shall give a detailed discussion of the
derivation of effective meson Lagrangians from bosonization
of the extended NJL model, which can be treated as a local
approximation in the low-energy limit of QCD. The first sec-
tion of this review is devoted to the motivation of the NJL
model. The extended NJL model not only includes symme-
tries corresponding to those of QCD and the explicit viola-
tion of the chiral symmetry by the current quark masses, but
also reproduces the spontaneous breakdown of chiral sym-
metry associated with the appearance of a nonzero quark
condensate and transformation of current quarks into con-
stituent ones. In the bosonization approach, pseudoscalar,
scalar, vector, and axial-vector mesons are introduced as col-
lective fields corresponding to quark—antiquark bound states,
and the interaction between these fields is described by the

© 1998 American Institute of Physics 33



quark determinant arising in the integration over quarks in
the generating functional.

In Secs. 2, 3, and 4 we discuss the technical details of
calculating the quark determinant of the bosonized NJL
model using the so-called heat-kernel expansion in powers of
the “‘proper time’’ in the corresponding regularization. We
present the calculated heat-kernel expansion coefficients
through seventh order. A comparison is made with the analo-
gous calculations of other groups. These results are used in
Sec. 5 to fix the coupling constants of effective chiral
Lagrangians, including terms of order p® of the momentum
expansion. In this section we pay special attention to equiva-
lent transformations and the equations of motion, which are
used to eliminate terms with double derivatives and to reduce
the effective Lagrangians to minimai form.

In this review we focus on the study of the effect of
meson resonances on the description of the pseudoscalar sec-
tor. In Sec. 6 we study the effective pseudoscalar Lagrangian
obtained by integration (reduction) of the vector, axial-
vector, and scalar degrees of freedom in the generating func-
tional of the bosonized NJL model. The reduction of heavy
resonances, equivalent to including resonance exchange, is
carried out using the static equations of motion arising from
the generating functional after special chiral transformation
of the meson fields. We discuss the higher-order corrections
to the static equations of motion and the modification of the
structure coefficients of the effective chiral Lagrangians after
resonance reduction. Section 7 is devoted to the phenomeno-
logical aspects. There we study the description of low-energy
meson processes in orders p* and p® of the chiral theory with
bosonized Lagrangians.

As shown in the first section of this review, the NJL
model arises as a local low-energy limit of QCD as a result
of some sequence of rather crude approximations and auxil-
iary assumptions. Therefore, the predictive power of the NJL
model, which is demonstrated in Sec. 7 for examples of
pseudoscalar-meson interactions, in some sense even ex-
ceeds expectations. This is because the dynamics of meson
processes at low energies is determined primarily by the bro-
ken chiral symmetry, which was incorporated from the start
in the effective four-quark Lagrangian of the NJL model. In
this sense the absence of confinement in this model should
not affect those properties of mesons which are a conse-
quence of chiral symmetry or its breakdown. In Sec. 8 we
discuss the nonlocal corrections to the predictions of the NJL
model treated in a bilocal approach as contributions arising
from the pole behavior of the effective propagator of the
nonperturbative gluon in the region of quark confinement.
The approach developed in Refs. 11 and 23 allows us to
obtain semiphenomenological estimates of the nonlocal cor-
rections to the structure coefficients of bosonized chiral
Lagrangians. It is shown that these corrections are small in
order p* of the momentum expansion of the quark determi-
nant of the bosonized NJL model, which is yet another argu-
ment in favor of this model as a realistic approximation for
quark interactions at low energies.

In concluding the review we discuss possible directions
for further development of effective quark models like the
NJL model. We also briefly touch upon some of the ques-
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tions and problems which we could not discuss in detail in
this review.

1. QCD MOTIVATION OF THE NJL MODEL

Quantum chromodynamics is the generally accepted
theory of the strong interaction in terms of quarks and glu-
ons. It has been well confirmed experimentally in the pertur-
bative regime at high energies (E>1 GeV). Since quarks
and gluons cannot be observed as free particles, it is assumed
that they are bound to form colorless hadrons. There are
many different phenomenological approaches and effective
models for describing hadrons and their interactions at low
and intermediate energies (E<1 GeV). However, so far it
has not been possible to derive a meson theory from QCD in
a mathematically rigorous fashion taking into account quark
and gluon confinement. The difficulties arising here are
largely due to the unknown behavior of the QCD Green
functions at low energies. Nevertheless, significant progress
has been achieved in this area, owing to effective bilocal
approaches which in the local limit lead to the NJL model,
the bosonization of which allows effective chiral
Lagrangians describing meson strong interactions to be ob-
tained. In this section we constructively study the bilocal
approach and the physical approximations taking us from
QCD to effective quark models within this formalism.

Strong interactions are described in the Minkowski met-
ric by the QCD action with the color group SU(N,):

,. 1
G(iD=m)g—7 G1,G™*|, (L)

Ada.Al= [ d

corresponding to the interaction of n XN, colored current
quarks g with (Nf— 1) gluon fields A;‘L (n is the number of
flavors). In Eq. (1.1) there is understood to be an implicit
summation over color indices, and also a summation over
repeated Dirac and flavor indices. The generators of the
U(n) flavor group A\ are normalized as

tr NNP=26, a,b=0,...n%—1; \o=+2/nl;

mo=diag(my,....,mg) is the mass matrix of the bare (current)
quarks and explicitly violates the chiral and diagonal U(n)
symmetry. The covariant derivative is defined as

a

— . Ac a
Dﬂ——é'ﬂ—tg 7A#,

where \? are the generators of the color group, and the gluon
field-strength tensor has the form

G,Z.vz ‘9;LAZ_ aVAZ,_gfabcA;b:.Aff ’

where g is the QCD coupling constant and f,,. are the struc-
ture constants of the SU(3) group. We have also used the

notation D for the contraction YuD*.
The generating functional of QCD in the absence of
gluon sources has the form

21.81= | Fg97n exp( i713..A]
+i f d*x(gE+ Eq)), (1.2)
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a
DY (x-y) = <ooOO> +
b

where £ and £ are external sources of the quark fields. The
integral (1.2) is antiperiodic in the quark and ghost fields, but
periodic in the gluon fields. The Faddeev—Popov ghost fields
and gauge-fixing terms are included in the gluon measure.

We introduce into the functional integral over gluon
fields a term involving external sources, the role of which is
played by flavor-singlet local currents

a

A
Ju()=4(x)7, 5 q(x)

associated with the gluon fields AZ . Then the QCD generat-
ing functional is rewritten identically as

£[§,E]=|J.@¢i@q exp{if d"xti(ié—mo

a

Ze, 2 N T
+g27,¢6].; q+tfdx(q£

+£q)

f@A exp(——fd xG,, G

’

+i j d“xj;A“ﬂ)

Jj=0
and after integration over the gluon fields we obtain'"*'°
Z= f 9qDq exp|i f d* q(x)(u?
—mg)q(x) |exp(iW[j]), (1.3)

where we have discarded the normalization factors and ex-
ternal quark sources. The gluon generating functional W[ j]
in Eq. (1.3) can be written as an expansion (Fig. 1a)

. _l 4 4. -a
Wiil=3 f d*x d*yjo(x)DE(x~y)j5(y)=0().
(1.9)

Here
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FIG. 1. Graphical representation of the expansion
of (a) the gluon generating functional W[ ], and (b)
the complete gluon propagator D4y (x—y).

D= [ onazmaly)

i
><exp( -7 f d4xGZ,,G““")

is the exact gluon propagator including all the gluon self-
interactions and interactions of gluons with ghost fields (Fig.
1b), with quark loops excluded, and

> 1
0(j3)=2, rt fd“xl...d"x,,
n=3 nt

n
X D2 (x, ""’x").-=Hl Jux)
is the contribution of gluon vertices of order higher than

three. The n-point Green functions D ‘l ‘:: introduced in

this manner contain complete information about the gluon
dynamics.

Restricting ourselves to one-gluon exchange (the first
graph in Fig. 1a) in the expansion of W[j] (1.4) and discard-
ing higher-order gluon vertices, we obtain an expression for
the generating functional corresponding to an effective low-
energy approximation to QCD of the form

£=J DqDq exp[i f d4xq_(x)(i:§—m0)q(x) +i5”im}.

Here

L= l— f f d*x d*y j*M(x)D3(x—y)i""(y)
(1.5)

is the effective action corresponding to quark interaction via
nonperturbative gluon exchange, and

82Dk (x)=6g,,,D(x)

d*q a(q?)
_ sab
6"gu,,47rj ——;{(27,_) ——rq e

igx

is the nonperturbative gluon propagator in the Feynman
gauge. In this representation of the propagator it is assumed

A. A. Bel'kov and A. V. Lanev 35



that all the properties of the quark interaction via gluon ex-
change are determined by the properties of the running cou-
pling constant a(g?). The exact form of the nonperturbative
gluon propagator is determined by the unknown gluon dy-
namics at large distances.

After a Fierz transformation, the effective action (1.5)
becomes

i
Sin=7 j J d*x d*yD(x
‘%0 6
—94(x) =~ 9(0)4(y) ——a(x), (1.6)
where .9 is the tensor product of Dirac, flavor, and color
matrices of the form

Li \/T #'\/T #Dl aF4 ¢
25 i\ 5 YRI5 ¥sY 5)‘ 51 . (1.7

Here we shall study the SU(3) flavor group and restrict ou-
selves to the contributions of only color singlets gq.

Since the exact behavior of the Green functions D(x) at
large distances is unknown, any model ansatz can be used for
it. For example, owing to condensation at low energies,45 the
nonperturbative gluon acquires a nonzero mass related to the
gluon condensate as?!

15
mi=s;

2

6 ) g - ) 12
™\ 372 (O

Using the value of the gluon condensate

2
<Zg? (Gz,,)2> = (410280 McV)?,

extracted from processes e e~ —hadrons (Ref. 46), we ob-
tain the estimate m2= (806275 MeV)? for the nonpertur-
bative gluon mass. In the momentum-transfer range
0<g?<m? intermediate between the confinement region
and the region of quark asymptotic freedom, the gluon
propagator in momentum space can be approximated as a
constant:

1 1
D(q)= 47—75“ T
which in coordinate space will correspond to a local ansatz
D(x)~ 6% (x). Then the effective action (1.6) will lead to
an effective four-quark interaction described by the Lagrang-
ian of the NJL model:*

)\a 2 )\a 2
-Z”am=261[(674) +(cii75 —2—8) ]

)\a 2 xa 2
—202[(57#—2%1) +(¢?757,r2—q) ] (1.8)

where the universal coupling constants G, and G, in this
case will be related as G,=2G,.

This approximation neglects the property of quark con-
finement associated with the singular pole behavior of the
gluon propagator in momentum space near Zero momentum
transfer (the confinement region). It also neglects the rapid
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falloff of the gluon propagator D(q) in the region of quark
asymptotic freedom. Nevertheless, the bosonization of the
NJL model leads to effective chiral Lagrangians which en-
sure a good description of low-energy meson processes both
in the leading and in higher orders of the chiral theory.

2. BOSONIZATION OF THE NJL MODEL

The NIJL model, whose bosonization we shall discuss in
this section, not only incorporates all the needed flavor sym-
metries determining the quark dynamics in low-energy QCD,
but also provides a simple scheme for spontaneous break-
down of chiral symmetry: explicit breaking by massive
quark terms. In this scheme current quarks become constitu-
ent quarks, owing to the appearance of a nonzero quark con-
densate. Light constituent pseudoscalar Nambu—Goldstone
bosons arise together with heavier dynamical vector and
axial-vector mesons with the correct relative weights arising
from renormalization.

The approach under discussion is based on the effective
four-quark Lagrangian of the strong interactions of the ex-
tended NJL model, invariant under the global color symme-
try SU(N.) and the SU(3),®SU(3)g flavor symmetry:

F=q(id—mo)q+ i, (2.1)

where the interacting part of the Lagrangian %}, is given by
(1.8). It is interesting to note that the group structures of
QCD,

SU3)*M@SU(N ) ®@SU(NrU(1)®S,
and of the NJL model,
SU(3)E™@SU(N,), @ SU(N.r®U(1)®S,

are very similar (here S represents a set of discrete symme-
tries such as C-, P-, and T-conjugation).

Using the standard approach to the bosonization of quark
interactions based on functional integration, we can obtain
the effective meson action from the Lagrangian of the NJL
model (2.1). First, in the usual manner"?!? we introduce col-
lective meson fields corresponding to scalar (S), pseudo-
scalar (P), vector (V), and axial-vector (A) mesons associ-
ated with the quark bilinear combinations

a a

§9=—-4G,q =4 P°=—4G,qiy’ = 4

a a

- . - A
V,=i4Gaqy, 54, AL=i4Gygy,Y’ 5 q.  (22)

After substituting these expressions into (2.1), the Lagrang-
ian of the NJL model can be rewritten in an equivalent form:

1 1 A
- ) — — 2 4 A2V 4 Gi
FNiL 4G, tr(P D) 4G, t(Vy,+A),)+qiDg,
(2.3)

where the trace runs over the flavor indices and D is the
Dirac operator in the presence of collective meson fields:
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0]

] ]
-iTr[log iﬁ(u)] = O =085 + +

Y ®
iD=i(3+V+Ay)— Pr(®+mo)— P (D +m,)
=[i(3+AR)— (@ +mg)Pr+[i(3+AL)— (DT
+m0)]PL . (2.4)

Here ®=S+iP, V=V, y* and A=A, v*; Pg;;=3(1% ys)
are the chiral right/left projection operators; AR:=V+ A are
right/left combinations of fields, and

a a G

— qa — pa = —jy% —

§=8*—=, P=P'—, V,=—iV,—,
)\a

AF_=—-iA27.

Let us consider the Green-function generating functional
corresponding to the Lagrangian (2.3). Since it is bilinear in
the quark fields, one can integrate over them, after which the
generating functional takes the form (for simplicity we drop
the quark sources)

o&g:f OGO VDA exp[iAP,®T,V,A)], (2.5

where

AD,pt VA)=fd4x —Ltr(d)fd))—;tr(Vz
T 4G, 4G,

+A2)|—i Tr'[In(iD)] (2.6)

is the effective action for scalar, pseudoscalar, vector, and
axial-vector mesons. The trace Tr’ is taken over the space-
time, color, flavor, and Dirac indices:

Tr' = j d*x Tr, Tr=tr, trc-tr.

The first term in (2.6), which is quadratic in the meson fields,
arises as a result of linearization of the four-quark interac-
tion. The second term is the quark determinant describing the
meson interaction.

The quark determinant can be calculated either by mak-
ing an expansion in quark loops with external collective me-
son fields'#*' (see Fig. 2), or by the method of heat-kernel
coefficients in proper-time regularization.**® The modulus
of the quark determinant contributes to the nonanomalous
part of the effective Lagrangian, while its complex phase
determines the anomalous effective Wess—Zumino action>
associated with chiral anomalies.

The following representation of the field ® corresponds
to nonlinear parametrization of the chiral symmetry:
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o

L)

° ¢

FIG. 2. Graphical representation of the expansion
of the quark determinant in quark fields with exter-
nal collective fields.

+ +...

—

o %

P=030. 2.7

The matrix of the scalar fields % (x) belongs to the diagonal
flavor group, while the matrix {)(x) represents the pseudo-
scalar degrees of freedom ¢ remaining in the
U(n)  XU(n)g/Uy(n) space. The matrix 2(x) can be pa-
rametrized by a unitary matrix

a

@(x)=¢"(x) 5

i

Q(x)= exp( AF

<P(x)) ,

0

where F, is the bare value of the m— uv decay constant.
Under chiral rotations

q—q=(PL&L+PréR)q
the fields ® and Aﬁ’ L transform as
OP=¢,DEL,
AR AR =gp(0,+AR)EL, ALoAL=¢,(9,+AL)E,
(2.8)
The electromagnetic interaction of mesons with the pho-
ton field .4, is introduced via the substitution
V,—V,tieQ.4,,

where Q is the matrix of quark electric charges.
The integral (2.5), which now depends on ()(x) and
3,(x), can be rewritten as

L
4G, "

£=f Du(Q3) VA exp[if d*x

2 2
aG, "Vata 2)

] -det(iD(Q,3,V,A),

where Zu(Q3) is the integration measure for transforma-
tions of the fields (2.7).

In the simplest case, when {)=1 and =0, the mean-
field equation for the 3, field reduces to a Schwinger—Dyson
equation of the form

AR/L

1
30=i2G N, tryiﬁﬁ.

(2.9)
In the approximation of vanishing current quark masses this
equation always has the trivial solution 3,3=0 corresponding
to the chirally symmetric phase. However, for a value of G,
exceeding some critical value, the solution 2,=0 becomes
unstable and a new vacuum with nonzero 3, appears. This
corresponds to the phase of spontaneously broken chiral
symmetry (the Nambu—Goldstone phase).
Assuming that the solution 3, has diagonal form
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20=diag(0'(1),a'g,...,0'2),

from (2.9) we obtain the gap equation

o__. 8GN, 4k ad+m!
3 72_7. 0, 02
o= (2m) kz_("‘i'"mi)2
=-2G(q:9:). (2.10)

where (qq) is the quark condensate and A is the cutoff pa-
rameter. Using (2.10) and assuming approximate flavor sym-
metry of the quark condensate, we obtain
0 =\
0;=—2G(qiq:)=p.
In what follows we shall always (except in Sec. 6) neglect
the quantum fluctuations of the scalar field 3, about its

vacuum expectation value u (ie., we take 3~3,~ul,
where u is the constituent quark mass averaged over flavor).

3. CALCULATION OF THE QUARK DETERMINANT BY
THE HEAT-KERNEL METHOD

Let us begin our study of the heat-kernel method by
calculating the nonanomalous part of the effective action
corresponding to the modulus of the quark determinant,
which in proper-time (7) regularization is defined as the in-
tegral

" 1 .
In|det iD|=— > Tr' In(D'D)

=—ljw dT—Tl' K(7), (3.1

2 Jya?

where K(7)=e A" is the so-called heat kemel for the opera-
tor A=D'D (Ref. 53), and A is an internal regularization
parameter coinciding with the cutoff parameter in Eq. (2.10).
The full heat kernel satisfies the heat-conduction equation

%K(7)+AK(T)=0

with the boundary condition K(7=0)=1.
In our case of the NJL model the operator A can be
written as

A=d,d"+a(x) +M2,
where

d,=9,+T,, T,=V,+A,7y,

a(x)=iVAH+H’rH+ % [7",7”]Fﬂ,,—,u,2.
Here we use the following notation:
H=Py®+P, ®'=5+iysP,
r,,=ld,.dJ]=4,r,-4,,+[T,.I'\]
=F} +yF,
where FZ',’,‘

Fl,=0,V,—d,V,+[V,.V,]+[4,.4,],

puv?
are the field-strength tensors;
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Fi,=0,A,—3,A,+[V, AJ+[A,.V,],

and
V.H=8,H+[V, H]-y{A, H}

is the covariant derivative.
The asymptotic behavior of the operator A at short dis-
tances is determined by its ‘‘free’’ part

Ap=0+pu?,

which corresponds to the nonperturbative part of the heat
kernel K. The latter can be written in the form

(x|Ko(7)|y)={(x|exp(—(O+ u*1)|y)

1
=(—4——2-e

—ulr+(x—y)li(47)
mT) ’

3.2)

as the solution of the equation

0
- Kot AKo=

. 0, K(r=0)=1.

Using the substitution K = Ky,H, from the heat kernel we
can isolate the interacting part, which satisfies the equation

J 1
J— —_ » [ . =
5T+ Tz#d +d"d,+a|H(x,y;7)=0,
H(x,y;7=0)=1, (3.3)

where z,=x,—y,, and the differential operator d, acts
only on x. The interacting part of the heat kernel can be
expanded in powers of the proper time 7:

H(x,y;r)=2k‘, hi(x,y)- 7.

The resulting coefficients of the Seeley—DeWitt expansion
hi(x,y) satisfy the recursion relation

(n+z,d")h, 4 1(x,y)=—(a+d"d )h,_1(x,y)  (3.4)
with the boundary condition
z,d"hy=0. (3.5)

Therefore, the heat kernel for the modulus of the quark
determinant of the bosonized NJL model can be written as an
expansion:

1 22
HK(DIy)= Gz e T U2 hy(x,y)- 7
(3.6)
After integration over 7 in (3.1) we obtain

I'(k— 2,[112/1\2)

In|det iD|=— Tr hy,

(3.7

where I'(n,x)=[7dt e”'t""! is the incomplete gamma
function.

Using the definition of the function I'(a,x) for integer
values a=—n and a=0, we can separate the divergent and
finite parts of the quark determinant (3.7):

2 (4'7r)2 2
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1 P
E ln(det DTD)=BPO|+B|0g+Bﬁn.

Here
L e [ o, e
BPO]_E(“»—’ITTZ[—E?Tr hy+— ?Tr hg
“‘,L2 Tr’ hl ]

has a pole at x=0 (x=p,2/A2), and

1
— — 4T —u? Tr
Blog_' - 5 W F(O, x) 3 o Tr hO 7 Tr hl

+Tr' hz]

diverges logarithmically, because
(0, x)=—(C+In x)+0(x),

where C=0.577 is the Euler constant. The finite part of the
modulus of the quark determinant has the form

1 1
. 4=2kp (1 — '
Bgn 2 @m)? ké;, pt T (k—2x)Tr' hy.

The coefficients of the divergent contributions
I'(—1,u% A2 and I'(0,u?/A?) correspond to the quadrati-
cally and logarithmically divergent one-loop integrals I, and
I, regularized in Ref. 16 by using the momentum cutoff
AN=0(1 GeV). In contrast to the standard cutoff regulariza-
tion used in elementary-particle physics, here the cutoff scale
is treated as a physical parameter characterizing the qq force
range and the limit of the region of spontaneous chiral sym-
metry breaking. .

In what follows we shall restrict ourselves to the detailed
study of only the nonanomalous part of the effective action
associated with the modulus of the quark determinant. The
anomalous part of the effective action, which is determined
by the complex phase of the quark determinant, can be writ-
ten as

F_=sz+ F(_I1.o.) . (38)

Here Iy, are the lowest-order anomalous contributions cor-
responding to order p* in the momentum:

iN,d [ .
Cwz=320m2

F J d*xe"” P t1(Z,,,0p(U AL ,AR)

_Z,u.vaﬂ(lyAL +AR))- (3.9

In the first topological term of (3.9) the pseudoscalar chiral
fields L,=9,U-U", U=Q2, are defined on the disk Bs in
the 5-dimensional integration region bounded by 4-
dimensional Euclidean spacetime.®’ This term gives anoma-
lous contributions of the form
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iN,d [ « o e

Sxe#*PY tr(L L L
e std xema87 (L Lol )

T wz 30VInF] f d*xe""*P t(99,03,90,9Ip¢)

+0(¢"). (3.10)

The second term in (3.9) describes the anomalous interac-
tions of the pseudoscalar degrees of freedom with the vector
and axial-vector gauge fields. The explicit expression for
Z,yap is conveniently written as®!

Zyyap(U AL AR)=AL (AR,daArgt Iy ARaARp

+ARAraArg— R,RAgp)
+ UTALILU(ARVRQARH—RVaaARﬂ)

1
*t3 Ap L Ap.Lg—(ALoAg)

1
+3 (AL UAL)(ALUARgUY),

where

Al =U'A L U+R,, AR, =UAgU'-L,

The contributions additional to I'y; of higher order in the
momenta ' - in the full anomalous action (3.8) can be
obtained in the approach of Ref. 62 by using the same heat-
kernel coefficients &, as those arising in the calculation of
the modulus of the quark determinant:

_ . - (n—2)! 1
F(h.o.)=—lf z 21 T675 [;Zn_—f tr((Pr®T

+P,}l>)f)h,,)] (3.11)

The subscripts £ and r on the square brackets in (3.11) indi-
cate that when calculating the quantity inside the brackets,
only terms with an odd number of Levi-Civita tensors and
terms of order p~" are kept.

4. OBTAINING THE HEAT-KERNEL COEFFICIENTS

The recursive algorithm for calculating the heat-kernel
coefficients is based on Eq. (3.4) relating A,(x,y) and
h,_,(x,y). The boundary condition (3.5) for (x,y) arises
from (3.4) for n=0 and A _(x,y)=0. The problem is to find
the limit h,=h,(x,y)|,=o. We cannot simply take z=0 in
(3.4), because the action of the differential operator d, on
this relation gives rise to a nonvanishing contribution
da(zudp'hn)|z=0=gand“hn|z=0=dahn|z=0'

It is easily seen that the use of the recursion relation
(3.4) for calculating the coefficient 4, leads to the appear-
ance of terms of the form ddg . .. h,(x,)|,~o. In order to
obtain a recursion relation for such terms, it is necessary to
act on Eq. (3.4) with the product of m differential operators
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dndg ...d, and take the limit z=0:

1
dadﬂ---dwhn(xv)’)lz=0= i {dad,,...da,(a
+d,d*)h, - (x,y)
+Paﬂ...whn(x’y)}|z=07
(4.1)
where (n+m)>0 and
Paﬁ_“w=dadﬁ...dw-zudf‘l::(,—md,,dﬂ...d,,,.
m
Therefore, for P,g ., we obtain the recursion relation

Pa,ﬂ...w=daPﬂ...w+Rﬂ...m;a (4-2)

with the boundary condition P=0, where
Rg. . wa=ldg...d,,d,]. Moving the differential operator
d, step by step through the sequence of other differential
operators dp y-++,d,, we end up with it on the left. In this
case the two products of m differential operators cancel and
only the terms with (m—2) differentials remain. Finally, we
obtain the recursion relation

Rﬁy...w;azrﬂa'd'y-"dw+dﬁ'R7...w;a (4~3)

with the boundary condition R.,=0. Thus, k,(x,y)|,=o can
be calculated using Eq. (4.1) beginning with m=0. After
each iteration it is necessary to move all the differential op-
erators arising fromd,d" or P, to the right to h(x,y).
This gives rise to commutators of the form

S,=ld,.al; S,,=[d,.S)], Sapv=[da>Suil;--.
Fﬂll:[d;l. ’dv]’ Ka;zv:'[da ’F“v],
Kﬂaﬂ,,:[dﬁ,K,m,,],... (4.9

The indices n and m change as follows in these iterations.
Eithern—»n—1,orm—m—2, orn—n—1;m—m+2. Itis
easy to show that after 2n iterations we are left with only
hy(x,y) without differential operators, and the required re-
sult is obtained in the end by substituting the limit z=0,
using ho(x,y)|;=0=1.

The recursive method described here can be used to
make the very awkward calculations of the Seeley—DeWitt
coefficients algorithmic for computer algebra systems like
FORM or REDUCE after their appropriate extension.*® The
expressions for the heat-kernel coefficients contain a large
number of terms coupled together by equivalence transfor-
mations following from the physical properties of the total
derivatives in the effective action and the Jacobi identities.
The resulting equations must therefore be reduced to some
minimal basis of linearly independent terms. The problem of
reducing the final expressions to the minimal basis and the
ambiguities which thus arise are studied in detail in Ref. 50.
There the heat-kernel coefficients that we obtained are also
compared with the results of other studies.

In the minimal basis that we have chosen, the heat-
kernel coefficients h; , ..., hs have the form"

ho= 1,

h,=~a,
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1 1,
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1 1
—2—l-aF,wI‘,, I‘,LBFHO, 21 aF F FaﬁFBM

3
aF FapF a aFﬂ,,I‘,,pF”,,Fap

5
21

2
al"“,,rapl"ﬂ,,l",m— '2—1 aK”_l“,FyaKppa
2 4
7 al’ K yapK vap™ 21 al' K yaapl gy

2 4
a1 al’ K gauKppy— 21 Sunl val apl gy

2
Sl pal gl apt =

= SuK T g

2
=7 SuKoval upl pa

21 SILFIWK aaﬁrﬂv_ 7 aK yyveK uppa
2 2
+ 21 aK yyvaKappu— 28 Suuvy F

YY) MLK vwaK BBa

2 1
7 SuuKvaapl vpt 7 SuK vvaapl up
126 rnvraﬂrﬂvr re" 189 F vl ugl eyl yp

3 Fuvr varuﬂrﬁvr ya

37

945 FI“’F val aﬁrﬂ VF 87

1
u 126 Ll val’ gyl apl gy

945 F/WF aBF mrmrﬂ‘r

10
~ 189 KK yvapl gyl ya— 189 K;vamva

2 4
+o7 21 MWK aaﬁFVYF113+ 63 er vaKﬁﬂrrrﬂ

5
o Kool

378 nuv aBKWVFaﬂ 189 uwarﬂar

+ '1?9' Kp.vvarp.ﬁryarﬂ'y— m Kﬂvvaraﬁrﬂyr‘)‘ﬂ-
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2
189 Kyvval agl yul' gy~ 189 K pvval gyl el gy
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4 4
63 uvar ~ 189 KyvaK papl vyl yp
4
~ 189 Ta0 K uvaK ﬂaﬂrﬂrr Y /waK ﬂvaruvr 7
2 2
+ 63 K,,_,,,,l" vaK gL gyt 189 KﬂvaraﬂKﬂwF'yﬁ
1
Y K ppvvaK aﬂvrﬂv 63 uwaKuﬂﬂrraY

4 5
+ 63 KnvvaKaﬁﬂvrn'r_ 63 KuvvaKﬂBqua

1

+ m Kp.,u.vvaKﬁﬂ'y'ya +h.c.

Here the operation of Hermitian conjugation (h.c.) is defined
as

at=a, (S,...)7=S$

mece ..

(F’LV)T= _Fp.w (Kauv...)i": —Kapy...-

Our expressions for the heat-kernel coefficients h 45 turn
out to be equivalent to the results of Refs. 51 and 52, where
minimal bases different from ours were used. Meanwhile, in
Tr hy we have found some discrepancies between our
results® and those of Ref. 53 in the part containing terms
with six and eight indices:

(2 Tr h4)[50]— (24 Tr h4)[53]

8 2 8 2
~ 35 adid dod,+ 75 adyd,dd,d,
8 ., ., 8
~ 5 ad, A, d+ = ad,d,d,d .
6
15 94uddaddod,

16
+ 35 ad,ddod,d,~

64 , 32
+— d d%d,dpd gt —

o5 dndydod,dipd,

64
- 'IO_S d’Ld dad,,dﬂdndﬂ

16
2 2
+ 153 d%d,d,d%d,d,+ 1—03 dd,d,dgd,ddg
6 2
- 5‘5‘ d#d,dadﬁd,,dﬁda
16 16
— 35 4udidadpd d gt 1o dd,ddgdded,
~ 105 dudvdudidadpdadp
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64
105 d,d,d,d, dl'dﬁdadﬂ
32
~ 105 d,dyd,d,dgd,d,dg

32
+ 105 dudodudadpd gl

These discrepancies arise from the terms of the correspond-
ing expression of Ref. 53:

4 P nap
ﬁ{raﬁlK p,u.lK } ’

where {A|B|C}=ABC+CBA. The corresponding part of
our expression is given by the terms

+2sarz 4
57 @ w

—_ gne Tvp
5 105 Kl r,,,,).

To check our results, we also verified that the coefficients
that we found satisfy the equation’

d(Tr h,)/da=—h,_,.

2
(+—S‘z r2, +

Let us also give the ‘‘minimal’’ parts of the coefficients
hs, hg, and h, corresponding to terms nonvanishing for
V,=4,=0:

1
L 202 Q2
Tr hP"= 120 Tr[ a’+3a’Ss;,+2aS,aS,—aS;,

1 2
S,,S,“, s;wa ’

12
6a>S,aS,+ — a2§?

Tr h3"= LT 64 352
T = a a 7 e

720

9 26
aS,“,aS,“,+ asS,,S,S,

8 26 9 ..,
= 88,85yt = aS,S,Sut = SLS)

L 3, 1
+ 17 SuSvSuSy= 7 8800 57 SurSvaSua

1
—S;LS;LVaSVa—S[LSVaSﬂVd+ ;1—2- s;zl.vaﬂ ’

1
Tr h"=—— Tr —a7+Sa4S2+8a3S a$,

5040
9 5 9
+§a2S a’s —5a3S2 —Eals,”as,w
2 7,
—6a S“,,S,,S,,—Ea SuS Sy
2 7 2 o2 11
—6a S,,S,,S,L,,—EaSﬂS,,—?aSFaS“,,S,,
11

7
ey as,as,S,,— > as,S,as,,
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17
— 5 a5,5,5,8,
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—aS 4008 uSva

5 2
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6 uva ' 3 asuwxasuva+

5
+ 08,04 S, 2 S, vS

mvadvalp T

11
+?asu,,s,,,,slm
17 5
6 —aS8,,85:S yvat 3 aS,S uvaSva

5
+ 2 aS,LS,,aS,w,,

35
Ls 1S vaSuSyat = 8,SyaS4S

5
2 g2
+=5, 18 SeSvaSaSuv

3 Swrat 6

9 43
18 ;LSvSpaSva+ 18 p,svsva pa

S
+ 5 SuSuSaSuva
1 16

2
3 aSyuvap™ 5 SuvSpuapSvap

1
10 I“’ aﬁsﬂvaﬂ 2 S#Suvaﬁsvaﬁ

2 5 svaﬁspvaﬁ+ 132 pvaﬂy

Expressions for the heat-kernel coefficients through
Tr 2™ inclusive have also been given in Ref. 56, and an
expression for Tr hg™" can also be found in Ref. 57. Our
calculations of the minimal terms of the higher-order heat-
kernel coefficients agree with the results of the other groups.

The calculation of the heat-kernel coefficients is of spe-
cial interest because the use of this method for obtaining an
effective Lagrangian from the microscopic theory provides
an alternative to the direct calculation of Feynman graphs.
Here the ultraviolet divergences of the Feynman graphs will
correspond to divergence of the integrals over proper time at
the lower limit. An advantage of this method is that the ef-
fective Lagrangian can be obtained in the most general form
as the expansion of generalized local operators, which will
have different forms in different models.

For example, the expressions obtained above for the co-
efficients h; describe the effective Lagrangian for the scatter-
ing of light on light in quantum electrodynamics, both for
particles with spin 1/2 and for spinless particles. In the first

case we have I' ,=ieQ. %, , a={{ y*,y"Il',,, and

1 1 a?
= —— 2
L=~ 3 gt T ha=~ 150,71 5(F )
—14(%, LFr)2] (4.5)
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where a=e%4m and ¥ ,,=d,6,— 8,8, is the stress ten-
sor of the electromagnetic field. Equation (4.5) coincides
with the known Euler—Heisenberg result in QED.>* In the

case of spinless particles we have I' ,=ieQ.4,, a=0, and
PPV S SN AP e
o= Gt T T Taagt P
+(F )]

The last expression also coincides with the well known result
of scalar electrodynamics.”® In these simple examples we
have used only a few terms from the expression for the co-
efficient h,, which in the case of Abelian U(1) symmetry
(where all operators commute) are written as

1
4 272 2
Trh4—>24 l{ +a’T’, +'1—§F“,,F

1 2
+ 15 Tl ua)?|-

To obtain the bosonized Lagrangian in the NJL model it
is necessary to have more complete expressions, which are
also used in other problems, for example, for describing the
properties of the electroweak sphaleron,’® and also for prob-
lems in quantum gravity® and high-temperature physics. A
detailed bibliography of the literature devoted to the various
physical applications of the heat-kernel coefficients can be
found in Refs. 53 and 58. Therefore, the results that we have
obtained and used for these analytic calculations are of much
more general interest than just bosonization of the NJL
model.

5. NONLINEAR EFFECTIVE MESON LAGRANGIANS

Effective meson Lagrangians in terms of collective fields
arise from the quark determinant after calculation of the trace
over Dirac matrices in Tr A;(x). Here we shall restrict our-
selves to only terms in the expressions for 4, ... ,h4 wWhich
contribute to the momentum expansion of the quark determi-
nant, including order p [terms contributing in order O(p?)
have been dropped]:

1 2 1 2
Tr hy=Tr{ 7> (T,,) + 5 a

! 3 N 2 2 2
Tr h3=—ﬁTr 2a°—-S,8"+a(l,,) —IS_(F"M)

1
5 (T~

2 p, T
4w

1
Tr hy=Tr -—a“+—(a2S“ +aSs,S")

1
(7(S””)2—(S’“,)2)+ 2(Fyv)2

720
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1
2 B v
+ 55 (@0 )+ 377 9lT¥.87]

11
s )

1 1
Tr hP"= —Tr| — a*(a®-35,5*)— 0 (aS,,)2] ,

120

1
Tr h?m—% Tr a8

The “‘divergent’’ part of the effective meson Lagrangian
is determined by the coefficients kg, h;, and h, of the ex-
pansion (3.7):

N, /*"2 — t
gdiv:__fl6’n' i I O,Kf D“(¢+mo)DM(<I)+mO)
1
— Mt ((Ffw)2+(Fﬁ,,)2)] +2[A2e"‘2/‘\2

(5.1)

2
.
)7 F(O, P)
where A= (D +mg)(P+mo)'—pu? and F/=F}, *F/ .
The covariant derivatives D, and D o are defined as
- L R
D#*—aﬂ*+(A“*—*AM),
S Ry _ AL
D, *=3d,%+(A *—*A,).
Taking 3~ u and therefore ® = Q2= U, the p* part of
the meson Lagrangian (5.1) can be written as

2

FO FO
Fy=— 7 WL, L*)+ = tr( xUT+Uxh, (5.2)

where L,=D U U'. The bare constant F, and the meson
mass matnx X= dnag(,\/2 ,\%, ,\/2) are given by

Fi=yN u%(47?),
X =mhul/(G\F)=—2mi{qq)Fy?, (5.3)

where y= F(O,p,zlAz) .

The effective Lagrangian in order p* of the chiral expan-
sion arises from the logarithmically divergent part of the
quark determinant and from the coefficients 45 and h4 con-
tributing to the finite part. Using the properties of the cova-
riant derivatives

D#(0102)=(D”01)O2+OI(D.;‘OZ)
=(D,0,)0,+0,(D,0,),
D,(0,0,)=(D,0,)0,+0,(D,,0,)
=(D,0,)0,+0(D,0,),
D,(0,0,)=(D,0,)0,+0,(D,0,)
=(D,0,)0,+0,(D,0,),

D_;L(Oloz)=(D—L01)02+01(D—,’¢02)
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=(D_[L01)02+01(Dp.02)9
[D,.D,]JO=FL,0-OFk

pnv>

Y Y — R L
[D,.D,J0=F% 0-0OF%,,

[D!,.D'JO=[F~

nys v

0l. [D,.D)Jo=[Fk 0],
(5.4)

where

D,*=d,%+[A} ], Dx=0,%+[A} *],
we can represent the corresponding finite part of the effective
Lagrangian as

p“)=Nc L 2w B2 (DD T2
Hin mtr:;[p.D‘DD(D (D*®D ,®")*]

1 B -
+e (D,®D,®")?— u’[AD ,PD* D}
D ,®'D ,® 2 2 LPD P TFE
+.#D,®'D, ]+§,L [D*®D*®'F,,
- 1
+ R —_ 2R g#iplL
+D*®'D*OF, 1+ 3 WF QT

1
— g IFL+(FL), (5.5)
where 4= (® +mg)T(®+mgy)— 2 We shall use the ap-
proximation I'(k,u2/A%)~T (k), which is satisfied well for
k=1 and p¥/A%<1.

Combining the Lagrangian (5.5) with the p* contribu-
tions arising from the divergent part (5.1), we obtain the
effective p* Lagrangian, which in the most general case can
be written as

Fy=FF(L! H])+ N\, (D2UD*UY) + ), (DUt

+xDUY), (5.6)

where Z3%(L; ,H;) is the part of the p* Lagrangian con-
taining the minimal combination of linearly independent
terms corresponding to the structure coefficients L;
(i=1,...,10) and H, of Gasser and Leutwyler (Ref. 39):25

1 2
5 [Lp, ’Lv]

1
FG¥(L, H,) = (Ll— 3 Lz)(tr L, LM)*+L, tr

+3(L,,L“)2) +Ly te((L,LH)?)

—L4 (L L*)r(xU+Ux")

—Ls t{ L, LA(xU'+Ux"]+Le(tr(xU"
+Ux"))*+Ly((xUT - Ux"))?

+Lg u(xUTxUT+Ux U

~Lg te(F} R*RY+F% LFL)

—Lyo w(U'F, UF**")~H, u((F},)?
+(FL)0)+H, tr(xx"). (5.7)
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The Lagrangian (5.6) contains two extra terms with structure
coefficients \ | , which are absent in the standard representa-
tion of the p* Lagrangian of Gasser and Leutwyler (5.7).

According to the equivalence theorem, a nonlinear effec-
tive Lagrangian is defined up to transformations of the pseu-
doscalar fields which do not change its kinetic part.5*%> Such
field transformations affect only multiparticle propagators
with off-shell external lines, while the on-shell S matrices
remain unchanged. This equivalence property is used to
eliminate extra, for example, tachyonic, terms with double
derivatives, which arise in the bosonization of effective
quark models. The equations of motion were used for this in
Ref. 39. It should be noted that in order p* the use of the
field transformations leads to exactly the same result as the
naive application of the equations of motion arising from the
p? part of the effective Lagrangian. However, it can be
shown that in the next highest order of the momentum ex-
pansion, O( p6), the field transformations lead to the appear-
ance of contributions which can be lost when only the equa-
tions of motion are used (see Refs. 37 and 63).

Applying successive covariant differentiation to the uni-
tarity condition UUT=1, we obtain the relations

1 _ _
1)2UU*=5 (p*vut-ubp*ut)-prubprut,

_ 1 _ _
UD*Ut=- N (puut-ub*uty—-bprubprut. (5.8)

Using (5.8) and t(D2UUT—UD?UT)=0, the last two terms
in (5.6) can be brought to the form most convenient for ap-
plication of the field transformations:

_ _ - 1
t(D2UD*U")=u(D ,UD*U'D ,UD*U")+ 7 (il xU'
92 L ¥t tyyt
—Ux")"— 7 u(Ux'Ux"+xU'xU")
1 1 )
+ = tri(xx"— = u((D?UU?
2 4
5202 ) ! t
~UD*UNGgy) — 7 (XU
tr(D2UXT+X152UT)=—tr(D,LUIB"UT(XUT+UXT))

1
+3 (r(xUT-Ux"))?

1
— 5 w(Ux'Ux"+xUTxUT)

1
+tr(xx") = 5 w((xU"
- UXT)@Qm),

where the operator i3 has the functional form of the
equation of motion arising from the p? Lagrangian (5.2):
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_ 1
OBW(U)=D WU -UD U~ xU M+ Ux"+ 3 tu(xU"

-Ux". (5.9
Then Eq. (5.6) can be written as
Fy=FO8(L, H)) +c, t((D*UUT-UD*UY) Oy
+cy (XU~ Ux" G- (5.10)

The primed and unprimed structure coefficients in (5.6) and
(5.10) are related to each other as

L,=L|, L,=L,, Li=L}+\,, L,=L},
L5=L;'_)\2,

, RSy
Le=Lg, Li=L;+5+¢

A A ,

L8=L§_T"'2—’ Lo=L,,

! ’ 1 Kl
Ly=L,, H,=H,, H2=H2+?+)\2,
A== aTTgT

In the case of the bosonization of the NJL model, the coef-

ficients X\,, are given by \,= IN./167* and
A,=—(N./167%)xy.

The field-transformation method can be used to get rid
of the last two terms in the Lagrangian (5.10). For this we

consider the transformation
U(x)=exp(iS(V))V(x),

where S,(V) is the most general form of the generator in
order p? of the momentum expansion:

Sy(V)=ia,(D*vVi- V52VT)+ia2( xVi—-vx!

1
- tr(xv*—Vx*)),

with arbitary real parameters a; and a,. Let us consider
how the functional form of the Lagrangian .%, (5.2) changes
under field transformations.” Substituting U=exp(iS)V into
Z,(U) and discarding the total derivatives, we obtain

Z(U)=Z)(V)+ 6V Zy(V,S)+ 8D F(V,S) +...,
(5.11)

where the superscripts in parentheses denote the power of S
(or D,S,...) and the corresponding contributions can be
written as

F2
SNZ (V.9 = ul(iSEBW(V))=0(p"),

FZ
D%, (v,8)= T° tr| S(D,VV'D'#S—D'#SD vV
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1
-D"28)-5 (xV'+ vxhs?|=0(p"),

8 Z,(v,8)=0(p*) X 0(5*)=0(p®).

The last term is interesting only when O(p®) contributions
are included, and so we do not give its explicit form here.

In what follows we shall not assume that Eq. (5.9) is
zero, in spite of the fact that it has the functional form of the
equations of motion derived from %, . If

4Cl )\1 —402_ )\1 2)\2

the term 8V %,(V,S,) exactly cancels the last two terms in
(5.10) (U—V in order p*), and the effective p* Lagrangian
leads to the minimal form (5.7) with structure constants
L;=N_/(167%)l; and H;=N./(16m*)h;, given by the ex-

pressions

1 1 1

h=mz h=73, b=—¢g. L=0,
Is=x(y—1), 1=0,
1 1 1 1
l7=‘g(x}’—ﬁ), 18=(5x"12))"'ﬁ,
1 1

l9=§" 110=_g,

1 1 N
h=——=\y—5], hy=—(x+2x )y+E—2xy 1

6 2
A, 2)
- e KA 5.12
2 12
where
x=—uF¥(2(3q)), y=4w*F}Y(Nu?). (5.13)

The structure coefficients (5.12) agree with the results ob-
tained in Ref. 20.

Let us now consider the effective Lagrangian obtained
from bosonization of the NJL model in order p6. First of all,
this Lagrangian receives contributions from the additional

terms arising from ,%%’,’,4) (5.5) after the substitution? ®
—®+mg, and also the finite part of the effective action

,%%’,’,4) corresponding to the heat-kernel coefficients ks, h4,
hs, and kg [see Eq. (A.1) of the Appendix]. Contributions of
order p® also arise from 82 .%,(V,S,) (5.12). To represent
these contributions explicitly it is convenient to introduce the
operators

A =w((xUT-Ux"){D ,UU" (D*xUT+UD*x"N)}),
A =ti(xUT—Ux"t(D ,UUT(DAxUT+UD*x1)),
As=t((xU'-Ux"D ,UU(xU'-Ux")D*UUY),
Ay=t(xU'=Uxu(D, UD*U (xU'-Ux")),
As=te((xUT-Ux"\(D2xU'-UD?*x")),

Ag=tr(xUt—UxHu(D2xUt-UD%x"),

A. A. Belkov and A. V. Lanev 45



in terms of which the changes of second order in S, are
written as

, F 2 1 1
(al+a2) —4" _Al+§A2+A3+§A4+A5—§‘A6 .
(5.19)

In obtaining Eq. (5.14) we discarded the total derivatives and
used field transformations with generators of order p*. (Here
we have again used the symbol U in writing down the final
expressions after the field transformations. The matrix U
now contains not the original, but the transformed interpolat-
ing fields.)

Another source of p5 contributions to the bosonized La-
grangian is the modification of %, under field transforma-

tions, which can be written as
FByU)=Zy(V)+ 6V ZV,5)+0(p?), (5.15)

where

2
BV (V.5) =L t(iSEHV)=0(pY.

From the Lagrangian (5.6) we can obtain the p* contribution
to the equation-of-motion operator Fsop(U):

ABm(U)= Fio (54— % u(Eo),

where

E,=(2L{-L3)(D, UD*U")-(-UD*UT+D*UU")
+2Lj[-UD (D, U'D*UDU")
+D,(D,UD*U'D*U)UT]
+2(2Ly+L})[-UD (D*U'D UD"U")
+D (D, UD*UDFU)UT+L[u(xUT+ Ux?)
X X(D2UUt-UD?Ut)+u(D , UD*UY)-(Uxt
-xU"]
+Li[-UD  (D*UT(xU+Ux"))
+D,((xU'+Ux"D*U)U'+Ux'D ,UD*U?
—D, UD*U YU +2Lg te(xUT+Ux")-(Ux!
—xU")
—2L; e(xUT=x") - (Ux"T+xU") +Lg[(Ux")?
-(xUhH%
+Lg[~UD*(F& D*U")+DH*D*UFR )U*
—-UDXD*U'FL ) +D¥(FL D*U)UT
—LiJUF UTF#—FL UFRevy T+ N |[UD?D?U

-D?D*WUt1+\JUuD?xT-D*yU. (5.16)
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In the end, the effective p® Lagrangian can be reduced to
a minimal number of linearly independent structures with
nonzero coefficients® Q;:

Ze=t{Q(L,L,L”)?+Qy(L,L*)*+ Q3L L%(L,L,)*
+04(L,L, L)% +Q5(L,L, L")
+Q4(L,L*D,D, UD*DU*
+R,R"D D, U'D*D*U)
+0,(L,L,D,D*UD*D*U*
+R,R,D,D"U'DDAV)
+Q4(L,L,D,D*UD*D*U*
+R,R,D ,D*U'D*D*U)+Q,L L L*L*(xU"
+Ux")
+010(L L) (XU +UxY) + 0y (L ,L#)(xU"
+Ux")
+Q,(xR*UY(D D, U+D D, U)UTLY
+x'L*u(D D, UT
+D,D, U)UR")+ Q[ x(D D, UTLALY
+R’R*UD ,D,U")+ x'(D ,D, UR*R”
+L*L"D ,D,U)]
+Qx(U'D,D,UD*D*U+D D, UTD*D*UUY)
+x'(uD D, U'D*D*U+D D, UD*D*U'U)]
+01sX "L XR*+ Q16X XR, R¥+ XX L ,L*)
+Q(Ux'UX'L L*+ U XU xR ,R*)
+0,l(xU'L,)?
+(X'UR,)*1+ 1l (xU')’+(x'U)’1+ Qoo(UTxx X
+Ux XX+ Qau(F {L.L* LPL"}
+F} {R,R*R*R"})
+Q[FL (L*LL"L*+L,L*L°L?)
+Ffwl(R"R R"R*
+RR*RR”)]+ Qp(F |, L L*L"L"
+F& R,RER'R®)

+ Qo F, L*L,L°LY+F R'R ,R°R”)

+Qos(F oL ,L"L#~ F*% ;R ,R"R¥)
+Qos(F“ap{L”, L, L*} ~F**, {R”,R ,R*})
+QulFL (D*D*UU'L,L"~L"L UD*D*U")
+FR (D*D*U'UR R”
—R'R,U'D*DU)]+ Q[ F% (L"D*D*UU'L,
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- L UD*D°U'L")+F% (R"D*D*U'UR,
—R, U'D*D*UR")]

+Qul (XU +UXNF,, .L*L"}

+ U+ ULOIFR, RAR*H+ Q3o (XU - Ux)
X[F%, LPLY]+( x'u-Uty)

X[FR, RFR"])+Qu[F5 L (XU +UX"L”

py?
FFLRM XU+ U X)R"1+ Qs x(D*D"U'F,
~F},p*D"U")

+X (DD UF}, = Fp,D*D"U)]

+Qu X(U'FL,D*D*UU = U'D*D*UFL,U")
+x'(UFR aD*D*UtU

—yBHB U FL )]+ Qad X(U'F L, UDDU'
—D,D,UUFR UM+ X (UFLUD*D™U
~D*D*UU'FL,U)]
+Q4[x(U'D*D*UU'FL,,

NED) R
—FR U'D*D*UUY) + X (UD*D*U'UF,,

- FwaD—“D— WU+ Qad FE2au(LPUXT+ XUTLY)

—FRe, (RFU X+ xTURM) + Q[ F* %, (L#xU"
+UxTL*)—FRe, (REXTU+ U XR™)]
+ Qe[ FL,,(D*D?UU'L,,
+L,UD*D*U%)—F**,(D*D"U'UR,
+R,U'D*DU)]
+Q3oF %, D UF*DUT+ QuF%, D, UFR*DHU?
+QuFL, DPUFRD, U+ Q ol (Fy,) Lal”
+(F},)’RaR"]
+Q (L LOUFS UTF
+R,ROU'F}, UFR#")
+ Qi FL FLLFL ,+ Fy FR¥R'R,)
+ Qus(FaF L L*+ Fp o FF "R ,RY)
+Qud FL (DD U +D D*U)F***U"
+FR (D*D U +DD*UT)FF**U]
+ Q[ F5 FL"™(UD*D U +D LDrUUY)

+Fﬁ,FR”“(U*DI‘D,,U+15,,13”UTU)]

+ Qm(FLaav[L“ ’UFR””UT—FR““”[R# ,U‘I’FLFVU])
+ Qu(FLe, [ L, F#]—FR% G [R , FREY])
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+ QsoF W UFR U+ Qs [ (XU + Ux D (FL,)?
+ U+ Ut )(FR )1+ 05 XU F UFRHTUT
+x'UF} UTFI#0)

+ Qs XFRUTF+ X TFL UFR) + Qs (F i)
+(F} uva 2]+Q55[(FL#/La)2+(FR“p,a)2]
+Qse(FLy UFReeytFL+FE, UtFLuey FRY)
+Q57(F vFLpaFLv _,‘_FRvFRuaFRu )}
+tr(xUT - Ux"r{Qss{L i Lo}

X (U15M15,U*—D“D,UU*)+ngL,LL“(xU*— Ux"

+0el (XU~ (x'U)?1+ Qe(FL LMLY— F [, R*R")}

+t(xD U~ D, Ux Qe LHL"+ Qex( XU"
+Ux"L*
+ Qe FL— FR"#)]+[te(xU' - Ux")]*Qes tr(xU"

+Ux"). (5.17)
Here Q;=(N /32w p?)q; and
3 _ 7 _1 _ 1
q9,= 10’ q2= 30’ q3—3’ q4—30’
1 1
5=~ 10’ ‘16—1—5',
—1 = ! =—(1—2x+2
q7 30 q8= 30’ _6 ( X C),
1(2
qi0="73|\5+t*"¢)s
3 2 1
‘I11=§6'50, ‘112=6—0,
1/1 X
93~ 3 ?Z_O—x+c ’ ‘114'—'8‘,
2 1
qis x(l x)— (——2x)c
L a-an—2 :
qdi16— — 120 3 X ( x) X 6 c,
1 1
ql7 120 6 (1 4x) 6 C,
4 , 1
qig=3 X"+ g7*|C
1 2 2 3
919= " 530" % +§x +x(1+2xy)c,
1 2 3 3
q20=§0-+x +2x3—4yx’—x(1+2xy)c,
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1 3 1 1
‘121=—§, 422=ﬁ)', 423=_g, ‘124="§,
2 11
425=E, qzs=—ﬁ’
1
q27_—T§’
1 11
q28= 15, q29—12 5 X\,
1(1
q30—g 1—0 2x+2c¢ »
1/1 x+c _ x+c
‘131—5 B—x, 432——5' 3’ 433——3 3

1140‘—‘—3"
1 _ 1 _1

q9a= 5° 90= 360’ ‘143—6,

1 1 1 1
(144=§» 445=75‘, q46=g, 447=—g,

_ 1 1
q48__€’ q49= 30°

1
qso*E»

X 1
951573 42~ "¢ (1+x—c¢),

1
q53=3' (1 +x——c),

41 ) 1 1
454—‘5‘4—0, qss——my (156——3, ds =3
1
958~ 180

111 1
95%= " 35 [Z+50(§+2x(1+y))],

1

1
960~ ~ g0 [1+30cx(1+y+4xy)], 9d61=73

_ 1
qsz—j‘g,

_1 _1 _1 1 17
‘163—5, %4—9_0', 465—18 % cxy|.
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(5.18)

The terms containing the factor c=(1— 1/6y) arise from the
p* part of the equation of motion (5.16); F%,,=D/F=, and
FL ,=D!F*~
auy pnv*
In obtaining Eq. (5.17) we used the equivalence trans-
formations following from the properties of the covariant
derivatives (5.4) and the equations of motion, and also from

differentiation of the unitarity condition UUt=1:
p,uvt=-up,Ut, U'D,U=-D, U,
D,D,UU'+UD,D U'=—(D,UD,U
+D,UD,U"),
v'p,p,U+D, DU U=—(D,U'D,U

+D,U'D ).

6. REDUCTION OF THE VECTOR, AXIAL-VECTOR,
AND SCALAR DEGREES OF FREEDOM

In the NJL. model studied here, light, composite pseudo-
scalar Goldstone bosons are the chiral partners of the heavier
dynamical vector, axial-vector, and scalar mesons (reso-
nances). Independently of the method of including meson
resonances in the effective chiral Lagrangian, the inclusion
of resonance exchanges significantly modifies the coupling
constants of the low-energy interactions in the pseudoscalar
sector. In particular, it was shown in Refs. 67 and 68 that the
structure constants L; of the pseudoscalar p* Gasser—
Leutwyler Lagrangian are mainly saturated by the contribu-
tions of meson-resonance exchange between vertices de-
scribed by the O(p?) Lagrangian. Therefore, if the vertices
of the p* Lagrangian (5.7) and graphs with resonance ex-
changes between the vertices of the p? Lagrangian (5.2) are
taken into account simultaneously in calculating the p* inter-
action amplitudes in the pseudoscalar sector, this can lead to
the double counting discussed in Ref. 67.

To avoid double counting, in the generating functional
(2.5) it is necessary to integrate over the vector, axial-vector,
and scalar fields. This reduction of the resonance degrees of
freedom gives the effective pseudoscalar Lagrangian with
structure constants modified by the contributions of reso-
nance exchange.%

To integrate over the vector, axial-vector, and scalar
fields in the nonanomalous part of the effective meson ac-
tion, we shall use the invariance of the modulus of the quark
determinant under local U;(n)XUg(n) transformations
(2.8).9 Using a specially chosen chiral rotation correspond-
ing to the unitary gauge, §}:=§R=Q, we can completely
eliminate the pseudoscalar degrees of freedom from the ro-
tated Dirac operator. In addition, before performing this ro-
tation it is also convenient to make the shift O—-D—m,,
which leads to the appearance of a pseudoscalar mass term
from the Gaussian part of the effective action (2.6).”

After these transformations, the rotated Dirac operator
takes the form

iD—iD=(P,Q+ P QH)iD(P,Q+ P Q1)
=i(3+V+Ays)-3, 6.1)
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and the pseudoscalar degrees of freedom are preserved only
in the Gaussian part of the effective action quadratic in the

fields, which in terms of the rotated fields V), and A, (2.8) is
written as

~ 1
Fo=— g, (wtmo+ o)~ (utmot ) (Emok]

0
\4

mY\? ~ —~
+ fLmofD_mtz)]_ (?VT) tf[(V,f‘Up,)z'*'(A,;

-a,)?]. (6.2)
Here the scalar degree of freedom o(x) arises as a quantum
fluctuation of the field 3 (x) about its vacuum expectation
value u: 3(x)=p+o(x); (m$/gd)?=1/4G,, where mY
and g9 are the bare values of the mass and coupling constant
of the vector gauge field; and

1
v,=5 (26,01+0%3,0),

1 t T
a,=7 (23,01-013,0).

The divergent part of the quark determinant for the ro-
tated Dirac operator takes the form

~ N, —~ -~
Bav=1gz ¥ 1] (3u0+[V,.mo+ 01~ (2u4,

~ 1 -
AL mot a})*+ 2 [(FL,) 2+ (Fp,) 1= (u

N,
+my+a)?— ”‘2)2} + 1—6—;7 2AA2e~#A?

— )l (p+mo+0)?— p’]. (63)

If we neglect the quantum fluctuations of the field 3
about its vacuum expectation value, the corresponding p*
terms of the finite part of the quark determinant take the form

~ N ~ 8 _
DS — )= _F
FE=p)= 5 [V, AR+ 3 (A,A,)

~ = . o
A"A"(F”,,+FW)+§F“,,F e

w| oo

1
= g LR+ (FLL)TH 64)

Since the masses of the vector, axial-vector, and scalar
mesons are much larger than the pion mass, we can integrate
over the scalar field o and the rotated fields V,, and A, in the
generating functional of the NJL. model using the equations
of motion arising in the static limit" from the mass terms of
the Lagrangians (6.2) and (6.3). In this approximation, both
the kinetic terms (ﬁﬁ/,f‘)z for the rotated fields V), and A,
and the terms with higher-order derivatives are treated as
perturbations.
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The kinetic terms (Ff;’,f*)z arising from the sum of the
Lagrangians (6.3) and (6.4) are reduced to the standard form
after renormalization of the rotated unphysical vector and
axial-vector fields:

0 0
~ 8y G{ph) ~ 8y ~lph)

Vﬂ=(1+7)i7’1vu ’ v= _;)WA#

Here

-2 N (g9)?

T g

N
0_ c

and V(,fh) and E(If") are the physical fields of the vector and
axial-vector mesons with masses

o, m)? , (mY)

4 1+,7» mA1= A ]_7’

where
22 m(‘),)z 4472 [H_(mo)2 472 7! 65)
A7\g%] Newly 8] Nouly .

is a factor taking into account 7A; mixing.

The static equations of motion arise from variations of
the mass terms of the Lagrangians (6.2) and (6.3) with re-
spect to the rotated fields V,,, A, , and the scalar field o. As
a result, we find

Vu=v,,

2

— ZA + +
=3 (&gmoép+ & mobR) —myg,

A F=Z§a o
(6.6)

To switch on the electromagnetic interaction with the
photon field .4, , we simply need to make the replacement

~ o~ 1
Vo Vutied, 5 (6QEK+EQED,

= 1

Au—Autiet, 5 (208 £.08)). 6.7
To obtain the reduced pseudoscalar Lagrangian taking into
account the electromagnetic interaction, we must first make
the replacement (6.7) in the quark determinant with the ro-
tated Dirac operator, and then, using the static equations of
motion, reconstruct the pseudoscalar degrees of freedom. In
the reduction of the vector and axial-vector resonances it is
convenient to combine these two steps into the substitutions

V,=v+ies : (£ERQEL+EL0E))
» n 2 R L L/»

A=7} a)+iet, % (£xQER—£,08))
or
Fl,=(Zi-Dla a1 +ies,, % (£:Q£%
+£.08)), 6.8)
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P —z%ef,,, (£:QEh—£.08]). (6.9)

Here

1
M= (7 (7)
vP=2 (QIPQM+QTIP0),

(7)=—(Q&(7)QT—QT&(7)Q)— IERL(”fR,

6&”)* =d,*+ieg4,[Q,*] is the extended derivative includ-
ing bremsstrahlung photon emission, while the stress tensor
of the electromagnetic field %, corresponds to a structure
photon, and L?=(4U)U*.

Using the equatlons of motion, we can obtain the kinetic
and mass terms of the p? Lagrangian in the standard form
(5.2) from the terms of the effective Lagrangians (6.2) and
(6.3) quadratic in the vector and axial-vector fields. Here the
definitions (5.3) for the constant F; and the meson matrix x
change as follows after the reduction:®

F2e N.u’y P22 N.uly
0" 42 TOA gt

(6.10)

The reduction of the resonance degrees of freedom also
leads to modification of the overall structure of the higher-
order effective Lagrangians and to redefinition of the corre-
sponding structure coefficients. For example, the reduced La-
grangian describing the strong and electromagnetic
interactions in the pseudoscalar sector in order p* can be
written as

1
Fel= u{ 7 LEILY LP+GLE+LE)(LYPL#)?

_LgedLL‘r)L(‘Y)M( UXT +XUT) +L'std(XTUXTU
+xUTYUh) —L§Yie

+R(Y)#R(7)V)_L%d(ie

ypy)Q(L(r),uL(‘r)v

Fun)?QUQU’
+H5“’xx*]-

Here L™= (N,./167%) ™ and H?= (N./167%) b are

the reduced structure coefficients analogous to the coeffi-
cients of the standard Gasser—Leutwyler representation (5.7):

1
=35 zA+2<zA—1)( y(Z4-1)- ZA)}

red__ __
3=

B zZ8+3(z2- 1)( y(Z4— 1)—2;‘,)],

1
=(-1) 778 =12 24,

1 1
1;“’=g(z::—5y(z:—1>),
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1
lo=—¢g (Za-¥(Zi-1)).

2

ZA
h;ed=yZi(7—x i

In this approximation the reduction of scalar resonances con-
tributes only to the coefficients /5 and /g, while all the other
structure coefficients are saturated by exchanges of vector
and axial-vector resonances.

Except for the coefficients /59 and /59, our results in the
static approximation for the equations of motion agree with
the results of Ref. 36 using a different approach for including
the contributions of the resonance degrees of freedom. The
difference arises from the use in Ref. 36 of operators with
derivatives. In our approach such operators correspond to
higher-order corrections to the static equations of motion
(6.6) arising when in the modulus of the rotated quark deter-
minant we keep also terms linear in the scalar field o and
containing couplings with vector and axial-vector fields and
tensor strengths. Such terms arise from both the divergent
and the finite part of the quark determinant:

- N B
Law—— ﬁ y tr(1647GA2),

4
ﬁn_>——f32 Lr[l6y.o- ——M(F}“,+F’;;,)

Tl g L ~oR oL
X(A"{A",&}+{A",&}A")+§;0(F” wy

L LR
+FL FRuY,

~ N, 1 _
i T e G (LM W)

where 0=0+m,. After variation with respect to the fields
V,.A,, and o, we obtain

z; 1y—1
0——(§Rmo§L+§Lmo§R) mo—;‘y_'A,L

1 —
~ Ty (Pl +2(F)"). (6.11)
Substituting Egs. (6.6) into the left-hand sides of (6.11) as
first iterations, we obtain new equations of motion taking
into account higher-order corrections to the static approxima-
tion. The equation of motion for the vector field is not
changed. Use of the new equations of motion leads to the
appearance of an additional contribution to the structure co-

efficient /5°:
1 (y—1)2
[pihe)=— =~ 78 6.12
4 y A ( )
A. A. Bel’kov and A. V. Lanev 50



which, when taken into account, makes our result agree with
that of Ref. 36.

Similarly, using the equations of motion (6.11) and the
substitutions (6.7), we can obtain the reduced effective La-
grangian describing the strong and electromagnetic interac-
tions in order p® of the momentum expansion. Because they
are very awkward, here we shall not give the complete ex-
pressions for the reduced p® Lagrangian and the structure
coefficients.

7. THE PHENOMENOLOGY OF LOW-ENERGY MESON
PROCESSES IN ORDERS p* AND p® OF THE
CHIRAL THEORY

Let us consider the phenomenology of meson processes
at low energies from the viewpoint of verifying the
bosonized chiral Lagrangians in order p* of the momentum
expansion. This topic has been discussed in detail in the
literature (see, for example, Refs. 33, 36, 38, 40, and 69 and
references therein). The amplitudes of meson processes in
order p* include the contributions of both Born graphs de-
scribed by the Lagrangians (5.2) and (5.7), and one-loop
graphs with vertices of order p? (5.2). The ultraviolet diver-
gences arising from meson loops can be fixed in chiral per-
turbation theory***! using the corresponding counterterm La-
grangian, or in quantum field theory with meson loops*
using the superpropagator regularization.*

In the standard chiral perturbation theory (Refs. 39 and
41; see also Ref. 40), one uses the fact that in dimensional
regularization the divergent part of the one-loop functional
has exactly the same form as the Lagrangian (5.7) if the
structure coefficients in it are replaced as

Li——A(@T;, H——-A@DT;,
~d—-4

1
A(/D=(MTW :1__—4 —5[1n47r+1+r'(1)] .

Here I'; and I} are numerical constants calculated in Ref. 39:

3 3 1 3

Fl F2 F3=0, F4=§, F5='8',

=3—2’ =-1_6’

I'g= U r,=o, T - r .
g 1170 D= D=g
| B 1 < 5

F10=_Z, F1=“§, F2=ﬁ,

and g is an arbitrary renormalization scale having the dimen-
sion of a mass. The ultraviolet divergences in the one-loop
functional are eliminated by renormalizing the structure co-
efficients of the counterterm Lagrangian of the form (5.7).
Here renormalized coefficients L](x) and H[(u) are intro-
duced such that all the divergent parts cancel in the one-loop
functional:

Li=L{(@)+T;A(@), H=H{(@)+TA(Q).

When this procedure is used, the & dependences in the
contributions of loops and counterterms cancel each other in
the amplitude of any meson process. However, the renormal-
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ized coefficients L}(x) and H](u) themselves, being mea-
surable parameters, depend on the choice of renormalization
scheme and the scale x. The latter dependence can be writ-
ten as
L) = L)+ gy In L,
(4m)° " pp

T, i
Hi(E)=H{(@)+ Ggorln % (.1)

From this we see that I'; and ﬁ are also the coefficients of

the so-called chiral logarithms ~In(p%u?) in the one-loop
functional. The explicit dependence of the measured renor-
malized coefficients on the arbitrary parameter u creates cer-
tain difficulties in the phenomenological verification of the
bosonized Lagrangians, because it is not at all clear which
values of & should be used to compare the values of Lj(x)
and H}(u) extracted from the experimental data with the
theoretical predictions obtained from bosonization of the
NIJL model.

This arbitrariness in the choice of the scale x can be
eliminated by using the results of the superpropagator
regularization,*® which was developed specially for calculat-
ing meson loops in quantum field theory with nonlinear ef-
fective Lagrangians.*? The superpropagator approach leads
to the same results as the dimensional regularization used in
the standard chiral perturbation theory.*>* The basic differ-
ence is that here the parameter £ is no longer arbitrary, but is
fixed by the natural scale of the chiral expansion, i.e.,
Lsp=4mF . To compare the two approaches, the ultraviolet
divergences must be replaced by finite terms in accordance
with the substitution

1[d
(C—18)—>Csp=2C+1+ 7 [EE (InT~2(2z

+2))|| +Bm=—1+4C+pBm,

z=0

where €=(4—D)/2, and B is an arbitrary constant arising
from the Sommerfeld—Watson integral representation for the
superpropagator. Using additional theoretical arguments, in-
cluding the principle of minimal singularity, it can be shown
that the expected values of Cgsp must lie in the range
Cop~1—4.

Reasonable estimates for the parameter Cgp can be ob-
tained, for example, from the splitting of the decay constants
for K,m— uv, using the expressions

1 2 ~
(Fa=Fo)Fo=2Ls(X,+ X))~ 7g—7 3 (ma(Cx—1)
+2m%(C,—1)),

11 _
(FK—FO)F0=2L5(X3+X3)_ 6272 (2’"%((6‘1(— 1)
+m%(C,—1)), (7.2)
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where C, x=Cgp+In(mm?/u?). The first terms on the
right-hand side of (7.2) proportional to Ls correspond to the
Born contn’butions,g) while all the others arise from one-loop
graphs of the tadpole type. The splitting of the decay con-
stants F,, and Fy also fixes the parameters x and y related to
the quark condensate (gq) and the averaged constituent
quark mass u by (5.13).

In Fig. 3 we show the dependences of y and {gq)!” on
the constituent quark mass u obtained as solutions of (7.2)
for fixed values of the parameter Cgp and the experimental
values of the constants F ;=93 MeV and Fx=113 MeV.
The importance of including the reduction of the resonance
degrees of freedom in describing the pseudoscalar sector is
clearly seen even in this very simple example. The notice-
able difference in the behavior of the curves for (gg)? in
Fig. 3a (without resonance reduction) and Fig. 3b (after reso-
nance reduction) is related to the appearance of the addi-

tional factor of Z,z, in the definition (6.10) for the constant
F,. For the numerical estimates we use the phenomenologi-
cal value of the parameter Z3 :

2 ~
1+y
2 P
=—f ——~0.62,
A A 1_.,),

which corresponds to m,=770 MeV, m 4,= 1260 MeV, and
8v=_E8pnn="0.3. It should be emphasized that without reso-
nance reduction (Fig. 3a), it is not possible, for any value of

Csp, to obtain solutions for y and {g¢)"® which correspond
to the generally accepted ranges of values of the parameters
Fy, n, and mg . This fixing becomes possible only after reso-
nance reduction (Fig. 3b). For u=265 MeV it corresponds
to the parameter values y=2.4, x=0.10, F;=90 MeV,

TABLE 1. Comparison of the theoretical and phenomenological values of the structure constants L;X 103, *

Bosonization of the NJL model

Phenomenology

Without resonance reduction

After resonance reduction

Li(m,)X 10° (Ref. 44) L;X 10’ (Ref. 33)

1 0.79 0.85 0.4%0.3 0.8+0.2
2 1.58 1.70 13503 1.6+0.3
3 -3.17 -430 —35*1.1 —-3.5*0.6
4 0 0 —03*0.5

5 2.66 1.58 1.4%0.5 1.6x0.3
6 0 0 -02+03

7 0.50 0 —0.4+0.2

8 1.03 1.10 09+0.3

9 6.34 7.12 6.9+0.7 6.5*+0.5
10 -3.17 -5.90 —5.5%0.7 -3.1+0.7
*The coefficients H, and H, cannot be fixed phenomenologically.
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(4q)"*=—220 MeV, and Cgp~3, which is what we shall
use in our numerical estimates of the structure constants of
bosonized Lagrangians.

In Table I the theoretical predictions of the bosonized
NIJL model for the constants L; are compared with the phe-
nomenological values obtained in Ref. 44 using the standard
chiral perturbation theory, and also using quantum field
theory with superpropagator regularization.”’69 The most
complete analysis of low-energy meson processes performed
in Ref. 44 includes a description of the mass spectrum of the
pseudoscalar mesons, the splittings of the constants F, and
F g of the decays m—evy and K .4, and also the Zweig rule.
The values of the measured renormalization coefficients
L(@) were fixed at w=m . The authors of Refs. 33 and 69
used superpropagator regularization to analyze the data on
arw scattering, the charged-pion electromagnetic radius and
polarizability, and also the decays n'— %27 and =
—emy. We see from the table that the theoretical predic-
tions for the coefficients L; are on the whole in good agree-
ment with the phenomenological values. The slight ambigu-
ity in fixing the coefficient L,, is related to the fact that in
Ref. 44 the data on the form factors of the decay m—evy
were used for this, whereas in our analysis® we used the data
on the process yy— '+ ar~. These data themselves, espe-
cially for the polarizability of the charged pion, apparently
need considerable improvement.

The phenomenological verification of the bosonized p®
Lagrangian is difficult, owing both to the large number of
terms in it, and to the fact that in the overwhelming majority
of cases the amplitudes of meson processes are dominated by
the p? and p* contributions. Compared to these, the p® cor-
rections are so small that it is practically impossible to iso-
late them from the experimental data. The exceptions are the
transitions yy— w°m° and »— 7°yy, which turn out to be
very sensitive to the p® contributions, owing to unique prop-
erties of their amplitudes. First of all, in both cases nonzero
amplitudes arise only beginning at order p* from one-loop
graphs, and both ultraviolet divergences and Born contribu-
tions are absent in this order. Nonzero Born amplitudes ap-
pear only beginning at order p®. In addition, in the decay
n— mw’yy pion loops are strongly suppressed by the ap-
proximate conservation of G parity, while kaon loops are
suppressed by the large mass in the kaon propagator.

The amplitudes of the transition yy— 7%7° in order p®
with allowance for two-loop meson graphs were first calcu-
lated in Ref. 75, using standard chiral perturbation theory,
with the structure coefficients of the counterterm Lagrangian
in this order fixed from the resonance-exchange model. In
Ref. 76 the two transitions yy— 7°7° and — 7%yy were
studied by taking into account the Born contributions of the
bosonized Lagrangian of the NJL model, with the ultraviolet
divergences arising from the one- and two-loop graphs in
order p® fixed by superpropagator regularization. The role of
the reduction of meson resonances in order p® was studied in
the context of the problem of describing the processes yy

7%7® and 97— 7°y7y in both Ref. 76 and Ref. 77.

Our calculations’® show that the resonance reduction in

orders p* and pS significantly improves the description of the
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experimental data’® on the total cross sections of the process
yy— w°n® from threshold to the p resonance. After reduc-
tion of the meson resonances in the bosonized NJL model,
we obtained the value 0.11 eV for the width of the decay
n— 7°y7y, which does not agree with the experimental
value (0.84+0.18) eV. We cannot discuss this problem in
greater detail here, and we only note that it is impossible to
obtain a quantitative description of the decay 7— m%yy in
order p® of the chiral theory even after the inclusion” of the
additional contribution arising from resonance exchange
with the anomalous Vry vertex.1)

8. MODIFICATION OF THE NJL MODEL BY
NONLOCAL EFFECTS

In Sec. 1 we considered an approximate form of QCD
leading to the NJL model in the local limit. The NJL model
is based on the assumption that the dominant role in meson
dynamics for quark bosonization is played by intermediate
momentum transfers O<q2<mé , where the nonperturbative
gluon propagator can be approximated as a constant in mo-
mentum space and, accordingly, a § function in coordinate
space. In this approach the contribution of the regions of
confinement and quark asymptotic freedom is neglected in
the effective quark action (1.6). In the region of asymptotic
freedom (i.e., for g?>m%) the gluon propagator falls off
fairly rapidly with increasing momentum (decreasing dis-
tance). Therefore, the exclusion of this region should not
lead to any serious distortions of the nonperturbative dynam-
ics of bosonized quarks (mesons). In the extended NJL
model that we are considering, the region of asymptotic free-
dom is excluded by introducing a momentum cutoff at the
upper limit corresponding to the parameter A arising in the
calculation of the quark determinant. In this treatment non-
local effects arise as contributions from the confinement re-
gion.

The description of a wide range of low-energy meson
processes using the bosonized NJL model can be viewed
both as an indirect phenomenological confirmation that this
model is realistic, and as evidence that the chiral dynamics of
hadrons is insensitive to quark confinement. However, since
the nonperturbative gluon propagator has a pole at zero mo-
mentum transfers, discarding the contribution of the confine-
ment region to the effective action integral (1.6) does not at
first glance seem as natural a physical approximation as ex-
clusion of the region of quark asymptotic freedom by means
of a momentum cutoff. The inclusion of the confinement
region leads to the appearance of nonlocal contributions to
the effective action (1.6). Therefore, to understand the physi-
cal reasons why the hadron chiral dynamics is insensitive to
quark confinement, it is sufficient to evaluate the nonlocal
corrections to the bosonized effective meson Lagrangian of
the NJL model, as has been done in Ref. 23 using a semi-
phenomenological bilocal approach.

We begin with the effective action (1.6), which after the
introduction of scalar (S), pseudoscalar (P), vector (V),

and axial-vector (A) bilocal collective meson fields'*!° can
be rewritten in a form bilinear in the quark fields:
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9 _
Yian f d*x d4}’{ ~8D(—y) tf (S(x,y))?

+(P(x,9))2+2((V ,(x,9)) 2+ (A, (x,7)))]

+4(x) 77(x,y)q(y)] . 8.1)
Here
7(x,y)=—8(x,)— iy P(x,y) +iy"V ,(x,y)
+iy* P A, (xy), 8.2)
where
- . A? = A9 _ a A%
S=S 5 pP=pP o5 V”=—1Vﬂ7,
_ ~ A\
A,=-iky = (8.3)

are collective fields associated with the following bilinear
combinations of quarks:

a

— 8 A
S4x,y)=— 9 D(x—y)q(y) 5 q(x),

_ 8 B G
P(x,y)=—g D(x=y)q(»)i¥’ 5 q(x),

a

— 4 _ A
Vu(xy)=—g Dx=y)4(3) v, 5 9(),

. 4 _ A
ALu(x:y)== 5 Dx=y)q(3) 7y’ 5 4(x)-

In accordance with Ref. 11, assuming strong localization
of the bilocal fields, we consider the ansatz

7(x,y)— 7(z,8) = () f(1) + n, (D)t g(t) +---, (8.4)

where z=(x+y)/2, t=(y—x)/2 are the absolute and relative
coordinates, respectively. The function

7(2)==S8(2) =iy’ P(2) +iy*V,(2)+ i)"‘)'SA,‘(z)(8 5

is a combination of local collective fields of the composite

operators  q(2)g(z), q(2)iv’q(z), q(2)y,q(z), and
q(2) 7#y5q(z) analogous to the definitions (2.2) and corre-
sponding to the 0**, 0™*, 177, and 1*™ low-lying meson
states. The term of next order in (8.4) proportional to 7, can
be identified, in the spirit of Ref. 11, with the 1™~, 1%,
2**, and 277 excitations. It is assumed that the bilocal

fields #7(x,y) are strongly localized on the scale of the effec-

tive size of the collective meson ~=1/A", owing to the rapid
falloff of the functions f(¢) and g(t) for |t2|>h2.

Expanding g(y) and g(x) in Taylor series in the region
of the absolute coordinate z,

q(¥)=q(2) +1"3,4(z) + O(£?),
g(x)=q(z)—t*d,49(z) + O(1*),

and using (8.4), we obtain
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f f d*xd*yq(x) 7(x,y)q(y)
=2f d*z2q4(z) n(z)q(z)f d*f(1)

+2 f d*20"q(2) 7(2)9,9(2) f d*te2f(1)

+ (excitation terms).

For the first generation of mesons corresponding to the mul-
tiplets 0**,07*,177,1**, the generating functional is re-
written as

B= f GO IDt PV DA exp[ f d*z

- () B(0)] - — e(VE(0)+ A%(2)
4G, aG,

+4(2)iDg(z)— % aﬂq(z)v(z)a,‘q(z)H . (86)

where D is the Dirac operator, which coincides with Eq.
(2.4) of the extended NJL model. We have introduced the
notation A2=#A""! in Eq. (8.6), and the parameter « is de-
fined as the integral

a 1
—_== j d*t 12f(1),
A2 2
where f(t) is normalized as 2fd* f(1)=1.
The coupling constants G, and G, are defined as

4y FA(1)
D(21)°

(8.7)

1 1 9
G, 2G, 8 f (88)
We note that in this approximation the ratio of G, to G, is
1/2, while phenomenology predicts G, /G~ 4. In principle,
the problem can be solved by introducing into (8.4) and (8.5)
the separating functions f,(¢) (6=0,1,...) corresponding to
different localization of the meson states with spins o=0
and o=1. However, so as not to complicate our study of
nonlocal corrections, we shall neglect this spin dependence.

The first three terms in (8.6) coincide with the expres-
sion for the Lagrangian (2.3) arising after linearization of the
extended NJL model. After integrating by parts and discard-
ing the surface terms, the last term in (8.6) can be rewritten
as

f d*20"q(z) 7(2)9,q(2) =~ f d*2q(2)[#*n(2)3,

+7(2)3%19(z). (8.9)

Of course, we do not know the exact form of the function
f(¢) for estimating the parameter « in Eq. (8.6). However,
reasonable estimates can be obtained by using the fixed-
separation approximation,?* corresponding to the case where
the constituent quarks in the meson are strongly localized on
a scale h.
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This strong localization can be taken into account by

introducing the & function 8((x— y)%— h?) into the integrand
of the action ., (1.5). Then the action (1.5) takes the form

. K2 4_ 14, :a a
Fm= 1o f f d*xd*y jy,(x) j**(y)D(x—y) 6((x

—-y)2—h?), (8.10)

where the constant « is introduced to give the correct dimen-
sion ([ k]=m ™). After shifting the argument y by using the
Lorentz-invariant operator

q(y) =exp((y—x),3*)q(x),

the effective action (8.10) can be rewritten as

: k2D(h)
inl= -1 2

f d4xj;(x)K(h,x)j““(x), (8.11)

where

K(h,x)= f dby exp((y—x) ,%) 8((x—y)*—h?).
(8.12)

Integrating over polar coordinates and expanding (8.12) in a

series
1
w '\ n+-—
1 ( 2)

K(h,x)=mh%Y, h2r0Q"
n=0 (2n)! 1
I'\—=|(n+2)
2
DZ
— . 272
=a’h 1+—~—2+0 ? , (8.13)

we can rewrite the action (8.11) as

9G 1
Fu=—i = [ a] ja0 00+ = jo)
16 8A2

D2
)
where G= %‘rrzxzth(h).
After a Fierz transform, the action (8.14) is rewritten as

x(Oj%(x)) |+ 0 (8.14)

54='9—G—jd4(_()zé—a @i 2 4
mtll6 x| q(x 2qqu 2qx

+L 7( )/IOD q il )
ane 4% = [9(x)q(x)] : q(x) |,

(8.15)

where . is a tensor product of the form (1.7). The first
term in (8.15) leads to the effective four-quark interaction of

the NJL model, while the second term proportional to 1/A>
takes into account the effects of the finite size of the collec-
tive mesons. The second term in (8.15) can be transformed to
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ﬁsl—éﬁ f gD 703, + (1) (x)

+ (excitation terms), (8.16)

where 7(x) is a combination of local collective fields (8.5),
which are now given by (2.2) for G;=2G,=G/4. Compar-
ing Egs. (8.9) and (8.16), we obtain @=1/16, which corre-
sponds to the naive fixed-distance approximation in the bilo-
cal model.

If the meson is treated as a bound ggq system in the
effective gluon potential, by analogy with the hydrogen atom
in quantum mechanics, the corresponding nonrelativistic
Schrodinger equation can be written as”! (A=c=1)

— e V() [V() ~ E¥(1)=0.

Here V¥ is the wave function of the internal motion; m is the

.reduced mass of the constituent quarks in the two-particle

system, m=(m;m,)/(m,+m,); r is the relative coordinate;
V(r) is the interaction potential; and E is the eigenvalue of
the Hamiltonian. For a spherical potential the wave function
¥ is usually represented as the product of the radial function
R(r), where r=|r|, and the spherical harmonics Y ;,,(©,¢):
V(r)=R(r)Y,;,(0,¢). The Schrodinger equation for the ra-
dial function has the form

I(1+1)
2mr?

u(r), u(r)=rR(r),

(8.17)

—u"(r) =2m{E— V(r)—

with the boundary condition #(0)=0.

The results of lattice calculations of QCD’? show that at
large distances the effective quark—antiquark interaction can
be approximated (neglecting Coulomb and other corrections)
by a linearly growing potential:“)

V(r)=o-r, (8.18)

where 0~0.27 GeV? for m,=m,=u=0.336 GeV (Ref.
73). In this case the characteristic distance between a con-
stituent quark and antiquark, (r), can easily be estimated
using the virial theorem:

2E,
(r>5h= '3?“\’068 F.

Here E,;=2.238(0%/2u)" is the ground-state energy.
Henceforth we shall consider only the ground states (/=0),
i.e., we shall discard excited states such as 7%, K*, etc.
After scaling Eq. (8.17) by introducing p=r/hy, and
w(p)=u(r), we obtain w”(p)+(e—2p)w(p)=0, where
e=2m(2mo) 23E. For large p the solutions behave like
Airy functions, w(p)~ Ai(p), decreasing exponentially to
zero. The radial wave function R(r), given by (8.17), falls
off even more quickly. We can therefore expect small rms
deviations Ar for the distance between constituent quarks.
An alternative estimate of the effective distance can be
obtained by lattice modeling of QCD." Here the correlation
length, which is a measure of the range of the color forces,
turns out to be considerably smaller: #~0.22 F. For numeri-
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cal estimates we will use the value #~0.68 F, obtained from
the virial theorem. This will give us an upper limit on the
estimates of nonlocal effects.

Using the values A=0.28 GeV and x=0.336 GeV, we
find

2
o
2 ~0.09.

A22

We shall treat this quantity as a small expansion parameter in
numerical estimates of nonlocal effects.

After integrating over quark fields, the total action aris-
ing from the generating functional (8.6) is written in a form
analogous to (2.6):

(8.19)

AL, V,A)= fd“{ e tr(<1>’fc1>)—Lr:(v2

+A2)|—i Tr'[In(iD)].

Here the second term is the quark determinant of the Dirac

operator iﬁ, modified by nonlocal contributions. An expres-
sion for it can be obtained from (2.4) using the replacement

(24
AR/L AR/L( 1+ — 62) + — (0,,Aﬁ/l')3",
A2 A?

DD 1+ = |+ o (3,0)5”
- 1+F(9 +7(¢9V )a”.

The heat-kernel method can also be used to calculate the

=
modulus of the quark determinant for the Dirac operator D,
modified by nonlocal contributions. In this case the operator

DD takes the form

5T5=332+y2+2rﬂa”+rfl+a(x)

b(x)Dx; ' Dx; 7= Bd+ u>+2T o+

a
e

a
+T2%+a(x)+ =5 (6@ +0u(x)0™+c(x)

aZ
+2(T ,0°+9,T %) 9]+ 0( XZ) ,
where B=1+2au’/A%. The combinations a(x), b(x),

c(x), and Q,(x) do not contain differential operators acting
on the quark fields:

a(x)=iy"(PgD,®+P.D &)+ Ppsb6+P, %

1
+ Z [7“7 'yv]r,u.v ’
b(x)=i Y[ PR(ALPD+9,AL9"D — DPAR
—3,D5°A%) +PL(A£J2<I>T+0,,A,'E6“<DT
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—®15%AL -~ 3,DT9°AL) ]+ Pr(P TP
+0,879°®)+ P (DD + 5, ,B5°D )

1
+L, T+ (3,10 + 7 [v*, 9" 1([8aT 0T, ]
+T,0°T,~T,3T ),

c(x)=a(x)+iy“[1!>R(AIﬁ<I>—<I>Aj';)+PL(A,'§<I>T

- 1
—®'AL) 1+ P+ P M5+ 22 + 77
xX[T,.T.],

Qo(x)=3T ,3oI'"*+9,I" ,T*+3,a(x)
+2i7"[PR(AfL¢9a<I>—<I>¢9aAﬁ) +P (AR, @1
—®19,AL)1+2(Pr®19,0+P, D9, D)

1
+ 5 [, 7v](FyaaI‘v_ Fvazxrﬂ)'

The modified recursion equations for the heat-kernel co-
efficients h;(x)=h(x,y=x) have the form

- 2 @2
27 Dt Chass(59) + = [T ()
+2I (3194 241,04+ 2 0#) +23,T ,t*1%1h, 1 o(x,y)

a
+ n+1+2tﬂd#+7
2A

~ (+4e(x)(1+1,0%)

—8u%t,d*+20 (x)1*+29,T W14+ 17H)
+4T ,(20%+21,6%"+1*9%)) | h

a+1(x,y)+] a(x)

a
+d,d"+ = (b(x)+Q4(x)8%+2(T ,3*+ 3, ,0%) 6"

+C(x)‘92)Jhn(x’y) =0,

where the differentiation operator d,, acts only on x. In the
case V,=A,=0 the recursion relatlons for the heat-kernel
coefﬁc1ents reduce to the equation

% 1200x) hyyo(x,y) + [ n+1+2t,0"+ % [2(alx)
+e(x))(1+1,0")— 4p’t 0"+t ,(I*a(x)
+2§ﬂ(x)>]]hn+l(x,y)+[a(x)+a2+ = [6(x)
+(8,a(x) +20 ,(x))9* +(alx)

+6(x))a2)] ho(x,y)=0, (8:20)
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where
alx)=iy"(PRd,®+P.3,0V)+ Prlb+P A,
b(x)=Pg(®'P?® + 9,094 ®)+ P (D5’ D!
+9,Po4dT),
&(x)=Pgt6+P 1,
0,(x)=Pp®'9,0+P ®,0'.

From (8.20) we can obtain expressions for the heat-kernel
coefficients Ay, . . . ,hs, modified by nonlocal contributions:

hO(x)= 19
o

1 a ~ 2
— @2+ = | ab— — a%(a+¢
2 A2( 3 (@+e)

tr'[Ay(x)]=—t'

a‘+%(1}’—aa‘+a)

tr'[hy(x)]=tr'

5 1 -
+—(4,a)*— — 9, ,ao*c—ao*
12( u) 12 * Q“)]

a2
+0F’

W Lhy()] =t ] - &= — (9,8)2+ —
x)]=—t'{-a-—(9,a)+=;
3 6 12°*

P
K2

2

1 3 | B
~3 0~ ~2 2~

——a(a+c)y—a*| — da+—9*

4 ( (10 2 Cu

2 5 1
+—g*c|—al — (d9,a)*+ — d*ac

3 ) ‘(6( uf) 15

2 . _n _ 1 .
+—d,adtct+—d,cotat — (9*d*¢c

5 30 20
4692 LIPS 20 — O . I*a+ o*a0

P+ (500~ 00T+ 0G0,

_325’)) _ _11_5_ (825525—6(0#5)2—(625)2)

a2
+0F.

The expressions for A, h,, and k5 are sufficient for calcu-
lating the nonlocal corrections to the effective bosonized La-
grangian including p* terms (nonlocal corrections to the co-
efficient h, contribute beginning with p® terms).

Calculations of the quark determinant taking into ac-
count nonlocal effects? lead to a modified expression for the
constant F:

1
2 2
- — Jd,a
18#( @)

N u? 472(qq) ap?
g Nt | (99) Ll 8.21)
4m? u’N, A2
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where the first term corresponds to the local limit, while the
second is the nonlocal correction. For the meson mass matrix

x=diag()% X3, - - - X2) We obtain

Ncy.m(-) 2,72 2m9<64>
= y (AZe # /A — plyy=— ——. (8.22
Xi=75 252 (A%e ©°y) 72 (8.22)

Moreover, the structure coefficients L; of the minimal part of
the Gasser—Leutwyler effective p* Lagrangian are given by
the relations L,—L,/2=L,=0 and

au?

e 1
L2— - 1 +2 ~ |
1672 12 ‘A2

N, 1 ap?
Li=——%— [ 14501-y) 2=,
167° 6 A2

Li=—Sx|y—1-——-
> 1672 [y 3 33

The nonlocal corrections to the nonminimal part of the ef-
fective meson p* Lagrangian can be estimated in a similar
way. Here we shall confine ourselves to only the modified
expressions for the structure coefficients Lo and L ,:

. (8.23)

N, 1 21y—26 au’
Ly= —[1+=2 —,;,'u:‘ ,
1672 3 6 A2
N, 1 15y—10 au?
L10= - 62 - y il; . (8.24)
1617 6 3 A2

It should be noted in particular that nonlocal corrections
do not affect the meson mass matrix. The nonlocal correc-
tions to the structure coefficients L,, L3, Ly, and L, [see
Egs. (8.23) and (8.24)] do not exceed 15-20% compared to
the local limit. The coefficient Ls is the most sensitive to
nonlocal corrections, as a result of which nonlocal effects
must strongly affect the description of the splitting of the
decay constants F,; and F . It should be emphasized that the
estimates obtained using the value #=0.68 F from the
Schrodinger equation for a linear growing potential give up-
per limits for the nonlocal corrections which are too high. If
we use the value #~0.22 F from lattice QCD,”* the nonlocal
corrections will be less than 5%. This result explains why, in
spite of its incompleteness, the bosonization of the NJL
model leads to a correct description of low-energy meson
processes in terms of effective chiral Lagrangians. The
smallness of the calculated nonlocal corrections shows that
the NJL model, as a local model of effective four-quark in-
teractions, is actually a reasonable physical approximation
describing the chiral quark dynamics.

CONCLUSION

QCD-motivated bilocal models of effective quark inter-
actions and the various modifications of the extended NJL
model arising from them in the local limit are fruitful ap-
proaches to the study of the internal quark structure of had-
rons. In this review we have confined ourselves to the de-
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tailed discussion of only those aspects of the bosonization of
the NJL model which are related to obtaining chiral meson
Lagrangians in higher orders of the momentum expansion.
Many other questions lying outside our treatment, including
the Bethe—Salpeter equations for bound ggq states, diquarks,
and the soliton model of baryons, are discussed in detail in
Refs. 12, 27, 30, and 31 and references therein.

A cutoff at large momenta is introduced into the ordi-
nary NJL model to regularize the ultraviolet divergences in
quark loops with external meson fields arising in the calcu-
lation of the quark determinant. In addition, in this approach
the momentum dependence at quark—meson vertices (nonlo-
cality), which reflects the composite structure of hadrons in
more detail, is neglected, as is quark confinement. Neverthe-
less, the bosonization of the NJL model leads to the correct
phenomenology of low-energy meson processes not only in
the tree p? approximation, which reproduces the current-
algebra results, but also in the higher orders of perturbation
theory taking into.account unitarity corrections due to meson
loops. It is this which is the leading argument in favor of the
NJL model as a local, low-energy approximation of QCD.

In discussing the phenomenological status of bosonized
Lagrangians, we have restricted ourselves to the
pseudoscalar-meson sector. We showed that vector, axial-
vector, and scalar mesons can be excluded from explicit con-
sideration by integrating over the corresponding resonance
degrees of freedom in the generating functional of the
bosonized NJL model. As a rule, modification of the struc-
ture coefficients of effective Lagrangians after resonance re-
duction leads to a significant improvement of the description
of the experimental data on low-energy meson processes in
both order p* and order p® of chiral perturbation theory with
bosonized Lagrangians. Nevertheless, it should be noted that
the description of processes involving on-shell vector and
axial-vector mesons apparently lies at the limit of the appli-
cability of the momentum expansion in the chiral theory.

The difficulties due to the limited applicability of the
momentum expansion already arise in describing the decays
of 7 and 7' mesons. There it is also necessary to include
U(1)-symmetry breaking, for example, by introducing an
additional six-quark interaction induced by instantons and
associated with the ’t Hooft determinant.®’ This extension of
the NJL model has been used in Ref. 81 to obtain from the

solution of the Bethe—Salpeter equations for bound gq states
the mass spectra of pseudoscalar, scalar, vector, and axial-
vector mesons. However, in the approach of effective chiral
Lagrangians, for formalizing the solution of the U(1) prob-
lem it is more convenient to use the method of Ref. 82 based
on the inclusion of the gluon anomaly83 by introducing gluon
fields in the form of a topological charge density into the
chiral Lagrangian.

We should specially emphasize the well known fact that
the standard NJL model is not in a position to correctly de-
scribe the dynamics of on-shell low-lying meson
resonances.®* In this model, for example, vector mesons can
exist on the mass shell only if the constituent quark mass
exceeds 385 MeV, but even then there is a large unphysical

gq continuum in the spectral functions. For smaller values of
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the constituent quark mass, vector mesons cannot exist even

as resonances in the gg continuum.® The authors of Ref. 86
arrived at the same conclusion. They studied the properties
of vector and axial-vector mesons at finite temperature and
density in the NJL model. They showed that with the stan-
dard choice of parameters, the model predicts a large width

for the decay p—qgq, of the same order of magnitude as the
p-meson mass. As a result, the p meson is extremely un-
stable. These facts associated with the absence of confine-
ment in the NJL model represent a serious difficulty with this
model, because they practically exclude the possibility of
interpreting collective meson excitations in the vector and
axial-vector sector as real vector and axial-vector mesons.
This problem can only be solved by going beyond the stan-
dard NJL model to include quark confinement.

The bilocal approach can be used to obtain various ex-
tensions of the NJL model which include both nonlocality
and modeling of confinement. For example, the authors of
Ref. 21 have studied the modeling of quark confinement
within the modified NJL model arising from the bilocal ac-
tion (1.6), using a special ansatz for the nonperturbative
gluon propagator. In momentum space this ansatz contains
the sum of two terms: a constant corresponding to the usual
local interaction of the NJL model, and a & function effec-
tively including the 1/g* behavior of the gluon propagator in
the confinement region. The introduction of the &8 function
modifies the Schwinger—Dyson equation and leads to a be-
havior of the running constituent quark mass m(g2) which
ensures the absence of poles in its propagator.

The extended treatment of the NJL model developed in
Ref. 22 gives a deeper understanding of the role of confine-
ment in the bosonization of QCD. The authors of these stud-
ies, in considering quark loops with external meson fields,
assumed locality of the quark—meson vertices, while describ-
ing the quark propagators by internal analytic functions en-
suring not only quark confinement, but also ultraviolet con-
vergence of quark loops. In Ref. 87 a formulation of the NJL
model with separable interaction was proposed which in-
cludes nonlocality by means of suitable form factors at four-
quark vertices.

In the last section of this review we used a semiphenom-
enological approach to study nonlocal effects associated with
the contribution of confinement to the bilocal action. It was
shown that nonlocal corrections to the structure coefficients
of the bosonized p* Lagrangian of the NJL model are quite
small.'? This result shows that the interaction dynamics of
pseudoscalar mesons at low energies is insensitive to quark
confinement and is determined by chiral symmetry and its
breaking. It can therefore be expected that the inclusion of
the modeling of confinement in a specific, extended version
of the NJL model in order to eliminate the problems associ-
ated with the description of the dynamics of on-shell vector
and axial-vector mesons will not seriously affect the descrip-
tion of the pseudoscalar sector.

The functional methods used in the bosonization of
strong interactions in the NJL model can also be used to
bosonize effective four-quark nonleptonic weak interactions
with change of strangeness |AS|=1. For this one uses the
Green-function generating functional introduced in Ref. 88
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for the quark currents and their densities, products of which
enter into the weak four-quark Lagrangian. In this approach,
(V—A) and (S— P) meson currents arise as a result of varia-
tion of the quark determinant of the NJL model with respect
to additional external sources associated with the corre-
sponding quark currents and their densities. The additional
external sources arise in the quark determinant as a result of
redefinition of the Dirac operator. As a result, the terms of
the quark determinant contributing to the bosonized strong
Lagrangian of order p?" in the momentum expansion gener-
ate (V—A) and (S— P) meson currents of order p?*~! and
p"72, respectively.

As shown, in particular, in Ref. 88, estimates of direct
CP violation in the decays K— 2 and K— 3 7r, arising as a
difference effect from the interference of different isotopic
amplitudes, turn out to be very sensitive to the higher orders
of chiral perturbation theory. This is also true of the phases
of the pion final-state interactions in the decays K— 2 and
K—3m and the quadratic parameters of the slope of the
Dalitz plots for K—3w decays. More accurate measure-
ments of the slope parameters of K*— 7= 7%7° decays are
being made in two experiments currently running at the U-70
accelerator in Protvino.¥ Accurate measurements of the
slope parameters are needed to check the new analysis of
nonleptonic K decays in the chiral theory in order to fix the
model dependences in calculations of the meson matrix ele-
ments, to phenomenologically determine the Wilson coeffi-
cients, and to decrease the model uncertainties in predictions
of the observed effects of direct CP violation. At present we
are performing calculations of the amplitudes of K— 2 and
K—3 decays in order p® of the chiral theory which are
more complete than those in Ref. 88. These calculations in-
clude the (V—A) and (S— P) meson currents generated by
the higher-order bosonized Lagrangians discussed in this re-
view.

APPENDIX: THE p® CONTRIBUTIONS OF THE HEAT-
KERNEL COEFFICIENTS

Here we give the initial expressions [before using
equivalence transformations following from the properties of
the covariant derivatives (5.4) and the equations of motion]
for the p® contributions of the finite part of the bosonized
Lagrangian, which arises from the heat-kernel coefficients
h3, hy, hs, and hg after calculating the trace over Dirac
matrices:

u( wAHE + p2HE +2HE°

(A1)

The corresponding contributions are
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DHere and everywhere below in this section where we do not use explicit
super- and subscripts, there is understood to be a covariant summation over
repeated Greek indices with the standard metric (1,—1,—1,—1).
IThe difference from our notation for the tensors FX® should be noted:
FLR=—iF&s .
JAfter field transformations, the Lagrangians Z,(U) also contain deriva-
tives of the fields V of order higher than p2".
“'We recall that the definition of the Dirac operator (2.4) involves the com-
bination ®+m,, where m, is a quantity of order p?.
n the more general treatment of Ref. 66, the nonanomalous part of the
effective p® Lagrangian includes a much larger number of linearly inde-
pendent terms. However, in the particular case of bosonization of the NJL
model that we are considering, only 65 of the structure coefficients turn out
to be nonzero.
SThe Gaussian part of the effective action (2.6), which is quadratic in the
fields @, V,,, and A,, and also the chiral anomalies are not invariant
under chiral rotations (2.8).
"The pseudoscalar mass term arises in the effective Lagrangian (5.2) from
the divergent part of the quark determinant.
®Using the gap equation, it can be shown that the two expressions for y in
(6.10) are equivalent for u*/A%<1.
IFor simplicity, we have discarded terms with the coefficient L,, which is
equal to zero in the NJL model.
19In our approach, such contributions do not arise even when higher-order
corrections to the static equations of motion are included, owing to the
cancellation of the corresponding anomalous contributions after chiral ro-
tation in the unitary gauge. In our opinion, the exact coincidence of the
contributions of anomalous and nonanomalous vector exchanges noted in
Ref. 79 is an indication that there may be double counting.

Here we neglect screening by virtual gq pairs at very large distances.
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